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Abstract The aim of this paper is to show that rigid syntomic cohomology — defined by Besser — is
representable by a rational ring spectrum in the motivic homotopical sense. In fact, extending previous
constructions, we exhibit a simple representability criterion and we apply it to several cohomologies
in order to get our central result. This theorem gives new results for rigid syntomic cohomology such
as h-descent and the compatibility of cycle classes with Gysin morphisms. Along the way, we prove
that motivic ring spectra induce a complete Bloch—Ogus cohomological formalism and even more.
Finally, following a general motivic homotopical philosophy, we exhibit a natural notion of rigid syntomic
coefficients.
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Introduction

In the 1980s, Beilinson stated his conjectures relating the special values of L-functions
and the regulator map of a variety X defined over a number field [3, 4]. The
regulator considered by Beilinson is a map from the K-theory of X with target the
Deligne Beilinson cohomology! with real coefficients

reg: Kyi_n(X)P @Q — Hpp (X, R@)).

One can define Hp) (X, A(i)) for any subring A C R. For A = Z, Beilinson proved that
Hpp(X, Z(i)) is the absolute Hodge cohomology theory: i.e., it computes the group of
homomorphisms in the derived category of mixed Hodge structures

b (X, Z(i)) = Hom pp(pr 1 5)(Z, RT mag(X)(@)[n),

where RI'ggg(X) is the mixed Hodge complex associated to X whose cohomology is the
Betti cohomology of X endowed with its mixed Hodge structure [5]. Further, Beilinson
conjectured that the higher K-theory groups form an absolute cohomology theory, in fact
the universal one, called motivic cohomology. This vision is now partly accomplished. We

IHere, we assume that the weight filtration is part of the definition. This is not the case in the original
definition by Deligne, where only the Hodge filtration was considered. See [5] for a complete discussion.
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do not have the category of mixed motives, but we can construct a triangulated category
playing the role of its derived category. More precisely, Cisinski and Déglise proved that
for any finite-dimensional noetherian scheme X there exists a monoidal triangulated
category DMp (X) = DMp (X, Q) (along with the six operations) such that

HEy' (X) := Hompayy, (5) (Ls. 7 Lx (D)) = Kai—n () @ Q

when 7 : X — S is a smooth morphism and § is regular [12].

Now let K be a p-adic field (i.e., a finite extension of Q) with ring of integers R. Given
X asmooth and algebraic R-scheme, Besser defined the analogue of the Deligne—Beilinson
cohomology in order to study the Beilinson conjectures for p-adic L-functions [6]. The
work of Besser extends a construction initiated by Gros [22]. The cohomology defined
by Besser is called the rigid syntomic® cohomology, denoted by Hg, (X, i). Roughly, it
is defined as follows. Let RTyig(X;) (respectively, RTqr(X;)) be a complex of Q,-vector
spaces whose cohomology is the rigid (respectively, de Rham) cohomology of the special
fiber X, (respectively, generic fiber X;) of X. Then

Hln (X, i) = H"~!(Cone(f : RTyig(X;) @ F'RT4r(X;) = RTyig(X,) @ RT4ig(X;)),

where f(x,y) = (x —¢(x)/p', sp(y) —x), ¢ is the Frobenius map, and sp is the Berthelot
specialization map.

There is a regulator map for this theory, and one can also interpret rigid syntomic
cohomology as an absolute cohomology [2, 13].

The aim of the present paper is to represent rigid syntomic cohomology in the
triangulated category of motives by a ring object Egyn. This allows one to prove that rigid
syntomic cohomology is a Bloch-Ogus theory and satisfies h-descent (i.e., proper and fppf
descent). In particular, we obtain that the Gysin map is compatible with the direct image
of cycles as conjectured by Besser [7, Conjecture 4.2]. We can say that this paper is the
natural extension of the work of the first author in collaboration with Cisinski [11] and
that of the second author in collaboration with Chiarellotto and Ciccioni [13].

Let us review in more detail the content of this work.

First, we recall some results of the motivic homotopy theory. Let S be a base scheme
(noetherian and finite dimensional). To any object E in DMp(S) we can associate a
bi-graded cohomology theory

E™(X) := Hompy, sy (M (X), E(i)[n]),

where M (X) := mr'ly is the (covariant) motive of 7 : X — S. The cohomology defined
by the unit object 1g of the monoidal category DMp(S) represents rational motivic
cohomology denoted by Hp. When X is regular, H'(X) coincides with the original
definition of Beilinson using Adams operations on rational Quillen K-theory.

The category of Beilinson motives DMp (S) can be constructed using some homotopical
machinery starting with the category C(S, Q) of complexes of Q-linear pre-sheaves on

2The word rigid is due to the fact that the rigid cohomology of Berthelot plays a role in the definition.
The word syntomic comes from the work of Fontaine and Messing [18], where the syntomic site was used
to define a cohomology theory strictly related to the one of Besser in the smooth and projective case.
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the category of affine and smooth S-schemes (see § 1). An object of DM (S) should be
thought of as a cohomology theory on the category of S-schemes which is A'-homotopy
invariant, satisfies the Nisnevich excision, and is oriented (in the sense of remark 1.4.11
point (1)).

The category of Beilinson motives is monoidal. Monoids with respect to this tensor
structure correspond to cohomology theory equipped with a ring structure. Following the
general terminology of motivic homotopy theory, we call such a monoid a motivic ring
spectrum (Definition 2.1.1). Given such an object E, the associated cohomology theory
E™(X) is naturally a bi-graded Q-linear algebra satisfying the following properties.

(1) Higher cycle class/regulator. The unit section of the ring spectrum E induces a
canonical morphism, called the regulator:

o HY' (X) — E™(X),

which is functorial in X and compatible with products.

(2) Gysin. For any projective morphism f : ¥ — X between smooth S-schemes there
is a (functorial) morphism

fe  EMHY) — B,
where d is the dimension of f.
(3) Projection formula. For f as above and any pair (x, y) € E**(X) x E**(Y), one has
L (5 (x).y) = x. fx (v).

(3’) Degree formula. For any finite morphism f :Y — X between smooth connected
S-schemes, and any x € E™(X),

fif(x) =d.x,
where d is the degree of the function fields extension associated with f.

(4) Ezxcess intersection formula. Consider a cartesian square of smooth S-schemes:

Y/$X/

glplf

Y—X

such that p is projective. Let & be the excess intersection bundle associated with
that square, and let e be its rank. Then, for any y € E**(Y), one gets

T p(y) = qu(ce(®)-g" ().
(5) The regulator map o is natural with respect to the Gysin functoriality.
(5’) The regulator map o induces a Chern character
chy : K (X)g — EBEZi_"'i(X)
i€Z
which satisfies the (higher) Riemann-Roch formula of Gillet (see [20]).
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(6) Descent. The cohomology E™ admits a functorial extension to diagrams of
S-schemes and satisfies cohomological descent for the h-topology®: given any
hypercover p : X — X for the h-topology, the induced morphism

p* i EM(X) — E"(X)

is an isomorphism.*

(7) Bloch—Ogus theory. One can associate with E a canonical homology theory, the
Borel-Moore E-homology. For any separated S-scheme X with structural morphism
f, and any pair of integers (n, i), put

EPM(X) = Hom(Ls, fi f'E(=i)[—nl).

Then, the pair (E,EBM) is a twisted Poincaré duality theory with support in
the sense of Bloch and Ogus (see [8]). Moreover Borel-Moore E-homology is
contravariantly functorial with respect to smooth morphisms.

These properties follow easily from the results proved in [12] and [14]. We collect them
in § 2.

Since our aim is to prove that rigid syntomic cohomology satisfies the Bloch—Ogus
formalism, we just need to represent it as a motivic ring spectrum. Thus we prove the
following criterion, which is the main result of the first section. Before stating it, we
introduce the following notation: for any complex E € C(S,Q) and X/S smooth and
affine let

H"(X, E) := H"(E(X)).

Theorem (see Proposition 1.4.10). Let (E;)ien be a family of complexes in C(S, Q)
forming an N-graded commutative monoid together with a section ¢ : Q[0] — E{(G,,)[1]
satisfying the following properties.
(1) Excision. Let El.Nis be the associated Nisnevich sheaves. For any integer i and any
X/S affine and smooth, H"(X, E;) ~ Hy,; (X, EiN”).
(2) Homotopy. For any integer i and any X/S affine and smooth, H"(X, E;) ~
H" (A, Ep).
(3) Stability. Let ¢ be the image of ¢ in H' (G, E1). For any smooth S-scheme X and
any pair of integers (n, i), the following map®
H"™ (X x Gy, Eit1)

H"(X, E;
X ED = X, B

, x> ax(x x0)

s an isomorphism.

3The h-topology was introduced by Voevodsky. Recall that covers for this topology are given by
morphisms of schemes which are universal topological epimorphisms.
40ne deduces easily from this isomorphism the usual descent spectral sequence.
5We let p : X x G,y — X be the canonical projection and 7y the following quotient map:
mx H'"PU(X X G, Eif1)

.
0— H'(X, Ej) L5 H'(X x G, E;) 25 =0
(X, Ep) (X X Gy, E7) T E
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(4) Orientation. Let u : G, — Gy, be the inverse map of the group scheme G, and
denote by ¢ the image of ¢ in the group HY(G,,, E1)/H'(S, E1). The following
equality holds: u*(c") = —c'.

Then there exists a motivic ring spectrum I together with canonical isomorphisms
Homp g (5)(M(X), E(D)[n]) ~ H" (X, E;)

for integers (n,i) € Z x N, functorial in the smooth S-scheme X and compatible with
products. Moreover, E depends functorially on (E;)ieny and c.

The main difficulty of the above result is that the monoid structure on E; is defined at
the level of complexes of pre-sheaves and not just in the homotopy category. Using this
result, we can prove (in § 2) the existence of motivic ring spectra representing several
cohomology theories. First, we prove that, for any algebraic scheme X, defined over a
field of characteristic zero, there is a motivic ring Epgr such that E%&R(X Yy~ F'H AR X)
is the ith step of the Hodge filtration of the de Rham cohomology of X as defined by
Deligne [16]. Then we prove that the rigid cohomology of Berthelot is also represented by
a motivic ring spectrum Eyjg. As we already mentioned, the rigid syntomic cohomology of
Besser is defined using a kind of mapping cone complex whose components are differential
graded algebras (namely, it is the homotopy limit of the diagram in 3.5.1). Thus we cannot
apply the above criterion directly since we would need to define a multiplication on the
cone compatible with that of its components. To get around this problem we prove that
a homotopy limit of motivic ring spectra is a motivic ring spectrum. Hence the rigid
syntomic cohomology can be represented by a motivic ring spectrum as claimed.

As already mentioned, the existence of Egyy allows us to naturally extend the rigid
syntomic cohomology to singular schemes. By devissage, we show how to compute the
syntomic cohomology of a semistable curve. We warn the reader that this is (probably)
not the correct way to extend the cohomology to a semistable curve in the perspective
of the theory of p-adic L-functions.

In passing, we show some results about what we call the absolute rigid cohomology
given by

H(;‘(X, i) := Hom pp (g isoc) (1, RC(X)(D)[n]),

where RI'(X) is a complex of F-isocrystals such that H"(R['(X)) = Hr”ig(X)7 for X a
scheme over a perfect field k.

The last application of the representability theorem of rigid syntomic cohomology is the
existence of a natural theory of rigid syntomic coefficients for R-schemes (§ 3.8). Using the
techniques of [12, § 17], we set up the theory of rigid syntomic modules: over any R-scheme
X, they are modules (in a strict homotopical sense) over the ring spectrum Egyn x
obtained by pullback along the structural morphism of X/R. The corresponding category
Esyn-mod, for various R-schemes X shares many of the good properties of the category
D Mgy, such as the complete Grothendieck six functors formalism. It receives a natural
realization functor from DMy, which is triangulated and monoidal (and commutes with
f*and fi).

This construction might be the main novelty of our representability theorem. However,
to be complete, we should relate these modules with more concrete categories of
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coefficients, probably related with F-isocrystals. This relation will be investigated in
a future work.

1. Motivic homotopy theory

In this section, we first recall a basic construction of motivic homotopy theory, the
category of Morel motives (Definition 1.3.2) — the reader is referred to [12] for more
details. Then we prove a criterion for the representability of a cohomology theory by a
ring spectrum. This criterion is new, and it generalizes an analogous result from [11].

Throughout this section, S will be a base scheme, assumed to be noetherian finite
dimensional, and A will be a ring of coefficients. We will denote by Sm/S either the
category of smooth S-schemes of finite type or the category of such schemes which in
addition are affine (absolutely). Note that, equipped with the Nisnevich topology, the
two induced topoi are equivalent.

1.1. The effective A!-derived category

1.1.1. We let PSh(S, A) be the category of presheaves of A-modules on Sm/S, and
C(PSh(S, A)) the category of complexes of such presheaves. Given such a complex K,
a smooth S-scheme X and an integer n € Z, we put

H"(X,K) := H"(K(X)).

This is the cohomology of K computed in the derived category of PSh(S, A): if we denote
by A(X) the presheaf of A-modules represented by X, we get

H"(X, K) = Homppsn(s,a)) (A(X), K[n]).

A closed pair will be a couple (X, Z) such that X is a smooth S-scheme and Z is a
closed subscheme of X — in fact one requires that X and (X — Z) are in Sm/S. We also
define the nth cohomology group of (X, Z) — equivalently, of X with support in Z — with
coeflicients in K as

HJ(X,K) := H" ' (Cone(K (X) — K (X — 2))).

A morphism of closed pairs f : (Y, T) — (X, Z) is a morphism of schemes f : ¥ — X such
that f~1(Z) c T. We say that f is excisive if it is étale, f~1(Z) = T and f induces an
isomorphism Ty.q — Zyeq. The cohomology groups H (X, K) are contravariant in (X, Z)
with respect to morphisms of closed pairs.

Definition 1.1.2. Let K be a complex of PSh(S, A).

(1) We say that K is Nis-local if, for any excisive morphism of closed pairs f : (¥, T) —
(X, Z), the pullback morphism

f*H;(X,K) — H}(Y,K)

is an isomorphism.
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We say that K is A!-local if, for any smooth S-scheme X, the pullback induced by
the canonical projection p of the affine line over X

p* i H*(X,K) — H*(AL, K)

is an isomorphism.

Following Morel, we define the effective Al'-derived category over S with coefficients in
A as the full subcategory of D(PSh(S, A)) made by complexes which are Nis-local and
Al-local. We will denote it by DAZ]?((S, N).

1.1.3. Let us recall the following facts on the category defined above.

(1)

Let Sh(S, A) be the category of sheaves of A-modules on Sm/S for the Nisnevich
topology. Then DZI (S, A) is equivalent to the Al-localization of the derived category
D(Sh(S, A)), as defined in [11, § 1.1].

This comes from the fact that the pair of adjoint functors, whose left adjoint is the
associated Nisnevich sheaf a, induces a derived adjunction

a : D(PSh(S, A)) = D(Sh(S, A)) : O

whose right adjoint O is fully faithful with essential image the complexes which are
Nis-local — this is classical; see for example [12, 5.2.10 and 5.2.13]. In particular,
Nis-local complexes can be described as those complexes K which satisfy Nisnevich
descent: for any Nisnevich hypercover P, — X of any smooth S-scheme X, the
induced map

K (X) — Tot (K (P.))

is a quasi-isomorphism — the right-hand side is the total complex associated with
the obvious double complex.

The fact that the category Dz?c (S, A) can be handled in practice comes from its

description as the homotopy category associated with an explicit model category

structure on the category C(PSh(S, A)) of complexes on the Grothendieck abelian

category PSh(S, A).

o Weak equivalences (also called weak Al!-equivalences) are the morphisms of
complexes f such that, for any complex K which is A'-local and Nis-local,
Homppsn(s,a)) (f; K) is an isomorphism.

e Fibrant objects are the complexes which are Nis-local and Al-local. Fibrations
are the morphisms of complexes which are epimorphisms and whose kernel is
fibrant.

For the proof that this defines a model category, we refer the reader to [10]:
we first consider the model category structure associated with the Grothendieck
abelian category PSh(S, A) (see [10, Example 2.4]) and we localize it with respect
to Nisnevich hypercovers and A'-homotopy [10, § 4]. Let us recall that a typical
example of cofibrant objects for this model structure is the presheaves of the form
A(X) for a smooth S-scheme X.
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We derive from this model structure the existence of fibrant (respectively, cofibrant)
resolutions: associated with a complex of presheaves K, we get a fibrant Ky
(respectively, cofibrant K.) and a map

K — Ky  (respectively, K. — K),

which is a cofibration (respectively, fibration) and a weak A'-equivalence. These
resolutions can be chosen to be natural in K.

This can be used to derive functors. In particular, the natural tensor product ® of
C(PSh(S, A)) as well as its internal complex morphism Hom can be derived using
the formulas

K®"L=K.®L, RHom(K,L)=Hom(K,,Ly);

see loc. cit. §§ 3 and 4.5

1.2. The A'-derived category
1.2.1. We define the Tate object as the following complex of presheaves of A-modules:

S1x

A1) := coKer(A — A(G,)[—1]1, (1.2.1.a)

where s1 is the unit section of the group scheme G,,, considered as an S-scheme. Given
a complex K and an integer i > 0, we denote by K (i) the tensor product of K with the
ith tensor power of A(1) (on the right).

As usual in the general theory of motives, one is led to invert the object A(1) for
the tensor product. In the context of motivic homotopy theory, this is done using the
construction of spectra, borrowed from algebraic topology.

For any integer i > 0, we will denote by X; the group of permutations of the set
{1,...,i}, Xo=1.

Definition 1.2.2. A Tate spectrum (over S with coefficients in A) is a sequence
E = (E;, 07)ien such that the following hold.

e For each i € N, E; is a complex of PSh(S, A) equipped with an action of X;.
e For each i € N, g; is a morphism of complexes
oi : Ei(1) - Eiyi,

called the suspension map (in degree n).

e For any integers i > 0, r > 0, the map induced by the morphisms oj, ..., 0i4r,
Ei(r) = Eiyr,
is compatible with the action of X; x X, given on the left by the structural X;-action
on E; and the action of X, via the permutation isomorphism of the tensor structure

on C(PSh(S, A)), and on the right via the embedding X; x X, — X;, obtained by
identifying the sets {1,...,i+r} and {1,...,i}u{l,...,r}

6 Note in particular that, according to [10, Proposition 4.11], the model category described above is a
monoidal model category which satisfies the monoid axiom.
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A morphism of Tate spectra f : E — F is a sequence of X;-equivariant maps (f; : E; —
F;)nen compatible with the suspension maps. The corresponding category will be denoted
by Sp(S, A).

A morphism f as above is called a level weak equivalence if, for any integer i > 0,
the morphism of complexes f; is a quasi-isomorphism. We denote by D7y (S, A) the
localization of Sp(S, A) with respect to level weak equivalences (See [11, § 1.4]).

Complexes and spectra are linked by a pair of adjoint functors (X°°, 2°°) defined
respectively for a complex K and a Tate spectrum E as follows:

2OK = (K(i)ien, QP(E) = Eo, (1.2.2.a)

where K (i) is equipped with the action of X; by its natural action through the symmetry
isomorphism of the tensor structure on C(PSh(S, A)).

1.2.3. The category of Tate spectra can be described using the category of symmetric
sequences of C(PSh(S, A)): the objects of this category are the sequences (E;)jen of
complexes of PSh(S, A) such that E; is equipped with an action of X;. This is a
Grothendieck abelian category on which one can construct a closed symmetric monoidal
structure (see [10, § 7]). Moreover, the obvious symmetric sequence

Sym(A(1)) := (A@@))ien

has a canonical structure of a commutative monoid.

The category Sp(S, A) is equivalent to the category of modules over Sym(A(1)) (see
again loc. cit.). Therefore, it is formally a Grothendieck abelian category equipped with
a closed symmetric monoidal structure. Note that the tensor product can be described
by the following universal property: to give a morphism of Tate spectra u : EQF — G
is equivalent to giving a family of morphisms

wij Ei®F; — Giyj

which is X; x Xj-equivariant and compatible with the suspension maps (see loc. cit.
Remark 7.2).

Definition 1.2.4. Let E be a Tate spectrum over S with coefficients in A.
(1) We say that B is Nis-local (respectively, A'-local) if, for any integer i > 0, the
complex E; is Nis-local (respectively, A'-local).
(2) We say that E is a Tate Q-spectrum if the morphism of DZJ?C(S, A) induced by

adjunction from oj,
E; — RHom(A(1), Ei+1),
is an isomorphism (i.e., a weak Al—equivalence).
For short, we say that E is stably fibrant if it is an Q-spectrum which is Nis-local and
Allocal.

We define the A'-derived category over S with coefficients in A, denoted by D,i(S, A),
as the full subcategory of Dr74:.(S, A) made by the stably fibrant Tate spectra.
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1.2.5. Recall the following facts on the previous construction.

(1) The construction of D41 (S, A) through spectra is a classical construction derived
from algebraic topology (see [25]). In particular, the monoidal model structure
on the category C(PSh(S, A)) induces a canonical monoidal model structure on
Sp(S, A) whose homotopy category is precisely Dyi(S, A). It is called the stable
model category.

Therefore D1 (S, A) is a symmetric monoidal triangulated category with internal
Hom. Moreover, the adjoint functors (1.2.2.a) can be derived:

2% DS, A) S DS, A) : Q% (1.2.5.a)
The functor ¥ is monoidal.” Recall also that, given a Tate Q-spectrum E as above
and an integer i > 0, we get
Q®(E®G)) = E;. (1.2.5.b)
We will simply denote by A or 1 the unit of Dyi(S, A) — instead of X*° A.
(2) In fact the triangulated categories of the form D41 (S, A) for various schemes S are

not only closed monoidal but they are equipped with the complete formalism of
Grothendieck six operations

(f*, for fio £, ®, Hom)
as established by Ayoub in [1].%

1.3. Triangulated mixed motives
1.3.1. In this section, A is a Q-algebra.

We recall the construction of Morel for deriving the triangulated category of mixed
motives from the category D41 (S, A) (see [12, 16.2] for details).

Let us consider the inverse map u of the multiplicative group scheme G,,, corresponding
to the map

Oslt,t™ 1= Oglt, 171, 1171

Recall from formula (1.2.1.a) the decomposition A(Gy,) = A @& A(1)[1], considered in
D41 (S, A). Given this decomposition, the map uy : A(G,) - A(Gy) can be written in

matrix form as
1 0
0 ¢/

Because A(1)[1] is ®-invertible in D1 (S, A), there exists a unique endomorphism € of A
in Dy1(S, A) such that €; = e(1)[1].

Because u? = 1, we get €2 = 1. Thus we can define two complementary projectors in
End])Al (S,A) (A):

1 1
= —.(1p —¢), _=—. 1A).
D+ 2(A €), p 2(6+ A)

"In fact, the homotopy category D, 1(S, A), equipped with its left derived functor X is universal for
the property that ¥° is monoidal and ¥°°(K (1)) is ®-invertible (see again [25]).

8Ayoub treats only the case where f is quasi-projective for the existence of the adjoint pair (fi, f!). The
general case can be obtained by using the classical construction of Deligne as explained in [12, § 2.2].
The reader will also find a summary of the six operations formalism in loc. cit. Theorem 2.4.50.
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Given any object E in Di1(S, A), we deduce projectors p+ ®E, p— @ E of E. Because
D,i(S, A) is pseudo-abelian,? we deduce a canonical decomposition:

E=E,®E_,

where E; (respectively, E_) is the image of py ® E (respectively, p_ ® E). The following
triangulated category was introduced by Morel.

Definition 1.3.2. An object E in D,1(S, A) will be called a Morel motive if E_ = 0. We
denote by Dpi1(S, A)4 the full subcategory of D1 (S, A) made by Morel motives.

Note that, according to the above, the fact that E is a Morel motive is equivalent to
the property
eQE = —1g; (1.3.2.a)

in other words, € acts as —1 on E.

1.3.3. Recall the following facts, which legitimate the terminology of “Morel motives”.

(1) Obviously, the category Di1(S, A)+ is a triangulated monoidal subcategory of
D41 (S, A). Moreover, the six operations on Dgi(—, A) induce similar operations
on Dy1(—, A)4+ which satisfy all of the six functors formalism.

(2) According to [12, 16.2.13], there is an equivalence of triangulated monoidal
categories:
Dyi(S, A)y = DMp(S, A),

where DMy (S, A) is the triangulated category of Beilinson motives introduced
in [12, Definition 14.2.1]. In DMgp(S, A), given a smooth S-scheme X, we simply
denote by M (X) the object corresponding to X A(X), and call it the motive of X.
Concretely, the above isomorphism means that, when S is regular, for any smooth
S-scheme X and any pair (n, i) € Z2, one has a canonical isomorphism:

Homp | s,a), (E°° A(X), A()[n]) ~ K}

2i—n

(X)®q A, (1.3.3.a)
where Kéi)_n (X) denotes the ith Adams subspace of the rational Quillen K-theory
of X in homological degree (2i —n).'0

Note in particular that, according to the coniveau spectral sequence in K-theory
and a computation of Quillen, a particular case of the above isomorphism is the
following one:

Homp , (5,a), (2 A(X), A()[2n]) =~ CH"(X) ®z A, (1.3.3.h)

where the right-hand side is the Chow group of n-codimensional A-cycles in X
(S is still assumed to be regular).

9This is, for example, an application of the fact it is a triangulated category with countable direct sums
(see [31, 1.6.8]).

10This formula was first obtained by Morel, but the proof has not been published. In any case, this is a
consequence of loc. cit.
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1.4. Ring spectra

1.4.1. Recall that a commutative monoid in a symmetric monoidal category (M, ®, 1)
is an object M, a unit map n : 1 — M and a multiplication map u : M @ M — M, such
that the following diagrams are commutative:

Unit: Associativity: Commutativity:
1®n 1®u
M— MM MUIMOIM — MOM MM "
\ n u®l " % > M
M MM —" —m MeoM "

where y is the obvious symmetry isomorphism.

Definition 1.4.2. A weak ring spectrum (respectively, ring spectrum) E over S is a
commutative monoid in the symmetric monoidal category Dyi(S, A) (respectively,
Sp(s, A)).1

1.4.3. A spectrum E in Dji(S, A) defines a bigraded cohomology theory on smooth
S-schemes X by the formula

E™ (X) = Homp, , (5,4) (£ A(X), E(i)[n]).

The structure of a weak ring spectrum on E corresponds to a product in cohomology,
usually called the cup-product and defined as follows: given cohomology classes

a: X AX) — E@)[n], B: X AX) — E(j)[m],
one defines the class o u B8 as the following composite:

EOAX) 2 5% AX) @ 5% AX) 222 BhIn @ EG)Im] S B + j)ln +ml.

Using this definition, one can check easily that the commutativity axiom of E implies the
following formula:

auf = (=" .V Bua,
where € is the endomorphism of A introduced in Paragraph 1.3.1. In particular, if E is
a Morel motive, the product on E** is anti-commutative with respect to the first index
and commutative with respect to the second one. Note also the following result, which
will be used later.

Lemma 1.4.4. Let E be a weak ring spectrum with unit n and multiplication w. Then the
following conditions are equivalent.

(i) E is a Morel motive.

(ii) noe = —n.

11Ring spectra have slowly emerged in homotopy theory and the terminology is not fixed. Usually,
our weak ring spectra (respectively, ring spectra) are simply called ring spectra (respectively, highly
structured ring spectra).
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Proof. Let us remark that, according to the Unit property the following equalities hold:

po(lg®n) = g,
no(lg® (moe)) = e QK.

Thus the equivalence between (i) and (ii) directly follows from relation (1.3.2.a)
characterizing Morel motives. O

Remark 1.4.5. Of course, a ring spectrum induces a weak ring spectrum. Concretely, in
the non-weak case, one requires that the diagrams of Paragraph 1.4.1 commutes in the
mere category of spectra, and not only up to weak homotopy. This makes the construction
of ring spectra more difficult than that of usual weak ring spectra.

1.4.6. Let us denote by Sp"(S, A) the category of ring spectra. Because the category
Sp(S, A) is a complete and cocomplete monoidal category, Sp™™8(S, A) is complete and
cocomplete. Moreover, the forgetful functor

U : Sp™™8(S, A) — Sp(S, A)

admits a left adjoint which we denote by F. The following result appears in [12, Theorem
7.1.8].

Theorem 1.4.7. Assume that A is a Q-algebra.

Then the category Sp'™&(S,A) is a model category whose weak equivalences
(respectively, fibrations) are the maps f such that U(f) is a weak equivalence
(respectively, stable fibration) in the stable model category Sp(S, A) (see Par. 1.2.5).

We denote by Ho(Sp&(S, A)) the homotopy category associated with this model
category.

1.4.8. For a given QQ-algebra A, recall the following consequences of this theorem.

(1) The pair of adjoint functors (F, U) can be derived, and it induces adjoint functors:
LF : D41 (S, A) S Ho(Sp'"e(S, A)) : U.

The essential image of the functor U lies in the category of weak ring spectra.
However, it is not essentially surjective on that category.

(2) As any homotopy category of a model category, the homotopy category
Ho(Sp™&(S, A)) admits homotopy limits and colimits (see [9, Intro. Theorem 1]). In
other words, any diagram of Sp™&(S, A) admits a homotopy limit and a homotopy
colimit.

1.4.9. A commutative monoid in the category C(PSh(S, A)) is wusually called a
commutative differential graded A-algebra with coefficients in the abelian monoidal
category PSh(S, A).

An N-graded commutative monoid in C(PSh(S, A)) is a sequence (E;);en of complexes
of presheaves equipped with a unit map 7 : A — E¢ and multiplication maps w;; : E; ®
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E; — E;y; for any pair of integers (i, j) such that the following diagrams commute:

Unit: Associativity: Commutativity:
1®n 1@ jk
E; —= E;®Ey EiQE;®E, —= Ei®Ej Ei®E;
*
Hi 0 wij®l1 Wi j+k Vij Eiyj
i+ jk %7
E; Eii i Ex ———Eitjk E;®E;

where y;; is the obvious symmetry isomorphism. We then define bigraded cohomology
groups for any smooth S-scheme X and any couple of integers (n, i):

H"(X, E;) = H"(Ei(X)).
The above monoid structure induces an exterior product on these cohomology groups:
H'"(X,E)®@H"(Y,E;) > H"™(X xs Y, Ei1j), (x,y) > xXy.

Given any smooth S-scheme X, we let p : X x G;,;, — X be the canonical projection and
consider for the next statement the following split exact sequence:

0— H"(X, E;) z, H"(X x Gy, E;) X H"(X x G, E;) — 0,

where H"(X x G, E;) := Coker(p*) and mx is the canonical projection.

Proposition 1.4.10. Suppose that we are given an N-graded commutative monoid (E;)ieN
in C(PSh(S, A)) as above together with a section ¢ of E1[1] over Gy, satisfying the
following properties.
(1) Excision. For any integer i, E; is Nis-local.
(2) Homotopy. For any integer i, E; is A'-local.
(3) Stability. Let ¢ be the image of ¢ in H'(G,,, E1). For any smooth S-scheme X and
any pair of integers (n,i), the map

H"(X, E;) » H" " (X x Gy, Eir1), X+ 7wx(x X0,

18 an isomorphism.

Then there exists a ring spectrum E which is a stably fibrant Tate spectrum together with
canonical isomorphisms

Homp  (s,4)(Z% A(X), E()[n]) >~ H" (X, E;) (1.4.10.a)

for integers (n,i) € Z x N, functorial in the smooth S-scheme X and compatible with
products. Moreover, E depends functorially on (E;)ien and c.

Assume that A is a Q-algebra. Let u : G, — Gy, be the inverse map of the group scheme
G, and denote by & the image of ¢ in the group H'(G,,, E1). Then, under the above
assumptions, the following conditions are equivalent.
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(i) The Tate spectrum E is a Morel motive (i.e., defines an object in DMp(S, A),
Definition 1.53.2 and Par. 1.5.5).

(ii) The following equality holds in H' (G, E1): u*(¢) = —¢'.

Remark 1.4.11. (1) The two last properties should be called the Orientation property.
In fact, they can be reformulated by saying that £ is an oriented ring spectrum
(see [12, Corollary 14.2.16]). Recall also this is equivalent to the existence of a
canonical morphism of groups:

Pic(X) — H*(X, E),
which is functorial in X (and even uniquely determined by c).

(2) The Stability axiom can be reformulated by saying that for any x € H"!(X x
Gum, Eit1) there exists a unique couple (xo, x1) € H"\(X, E;11) x H"(X, E;) such
that

x = p*(xg)+x; xc.

(3) Though we start with a positively graded complex (E;);en, we get a cohomology
theory which possibly has negative twists. These negative twists are given by the
following short exact sequence for i > 0:

0— E"(X) > H"(X xG! , Ep) > H" (X x G/ =1, Eg) — 0,
where the epimorphism is given by the sum of the inclusions
6! =

corresponding to set one of the coordinates of the target to 1.

Proof. We define the Tate spectrum E to be the complex of presheaves E; in degree i
with trivial action of X;. The section ¢ defines a map of presheaves:
-1
A > AG[-1] L By
where the first map is given by the canonical inclusion. We define the suspension map of
E in degree i as the following composite:

o Ei(1) = E; @ A(]) LN E®E 2 Eitr.

One deduces from the commutative diagram called “Commutativity” of Paragraph 1.4.9
that the induced map E;(r) — E;ji+, is X; x X,-equivariant. So E is indeed a Tate
spectrum.

By definition, Assumptions (1) and (2) exactly say that E is Nis-local and A'-local. Tt
remains to check that it is an Q-spectra. In other words, the map obtained by adjunction
from o;

o/ 1 E; — RHom(A(1), E;11)
is an isomorphism in ng (S, A). It is sufficient to check that, for any smooth S-scheme
X and any integer n € Z, the induced map

o},  Hom(A(X), Ei[n]) - Hom(A(X), RHom(A(1), E;+1[n])
= Hom(A(X) ® A(1), Ei+1[n]),
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where the morphisms are taken in Dzj?t (S, A), is an isomorphism. According to the
definition, we can compute this map as follows:

Hom(A (X), E;[n]) — Hom(A(X) ® A1), Ej41[n]), x > x x &, (1.4.11.a)

where ¢’ is the class of the map ¢’ in ng (S, A). Using the fact E; is Nis-local and Al-local,
the source of this map is isomorphic to H" (X, E;). Similarly, the group of morphisms

Hom(A(X) ® A(Gy), Eiy1ln+11)

is isomorphic to H" (X x G,,, Ei+1). Under this isomorphism, the target of the above
map corresponds to H"T1(X x G,,, E;i11). Under these identifications, ¢’ = mx (¢). Thus,
the fact that o/ is an isomorphism directly follows from Assumption (3).

According to this construction, the maps n and u;; induce a structure of a ring spectrum
on E (using in particular the description of the tensor product of spectra recalled in
Paragraph 1.2.3).

The isomorphism (1.4.10.a) follows using the adjunction (1.2.5.a) and the relation
(1.2.5.b) applied to the Tate Q-spectrum E. The fact that it is functorial and compatible
with products is obvious from the above construction.

Let us finally consider the remaining assertion. Note that, according to what was just
said, the class ¢’ introduced in the beginning of the proof coincides with the class ¢’
which appears in the statement of the proposition. Under the isomorphism (1.4.10.a),
the canonical isomorphism

Homp , (s,4)(A, E) — Homp , (s,4)(A (1), E(1))
corresponds to an isomorphism of the form
Homp*f(s.a) (A, Eo) — Hompef(s n) (A1), E1) = H' (G, Ey).

which is a particular case of the isomorphism (1.4.11.a) considered above. Thus, it sends
the unit map n of E to the class ¢’. Thus the equivalence of conditions (i) and (ii) follows
from Lemma 1.4.4. [

Remark 1.4.12. This proposition is an extension of the construction given in [11, § 2.1].
The main difference is that we consider here theories in which the different twists are
not necessarily isomorphic. By contrast, we require the datum of a stability class here,
whereas we do not need a particular choice in op. cit.

Note also that a similar extension has appeared in [23] applied to Deligne cohomology.

2. Motivic ring spectra

In this section, we introduce one of the central notions of motivic homotopy theory, that
of the motivic ring spectrum. Our primary aim is to prove that to such an object is
associated a Bloch—Ogus cohomology theory, a result which has not yet appeared in the
literature of motivic homotopy theory. Moreover, we extend the formalism of Bloch and
Ogus by proving many more properties, relying on some of the main constructions of
motivic homotopy theory [1, 12, 14]. In the next section, we will give several examples
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of motivic ring spectra, among them the motivic ring spectrum representing the rigid
syntomic cohomology.
We fix a base scheme S (noetherian and finite dimensional) and a Q-algebra A.

2.1. Gysin morphisms and regulators

Definition 2.1.1. A motivic ring spectrum (over §) is a ring spectrum E which is also a
Morel motive. In particular, it is an object of DM (S, A).

If X is an S-scheme, we will denote by
E™'(X) := Hompag; (s,4) (M(X), E(D)[n])

the associated bi-graded cohomology groups.

Remark 2.1.2. (1) In the current terminology of motivic homotopy theory, what we
call a motivic ring spectrum should be called an oriented motivic ring spectrum
(see also Remark 1.4.11). This abuse of terminology is justified, as we will never
consider non-oriented ring spectra in this work.

(2) In the previous section, we have seen that there exists a stronger notion of a
ring spectrum, that of a stably fibrant Tate spectrum. The ring spectra that
we will construct will always satisfy this stronger assumption. Moreover, given
a ring spectrum in the sense of the above definition, it is always possible to find
a stably fibrant Tate spectrum which is isomorphic in DM (S) to the first given
one (according to Theorem 1.4.7). On the other hand, this stronger notion will not
be used in this section, which is why we consider above the simpler notion. The
stronger notion will be needed in § 3.8.

2.1.3. Recall that Beilinson motivic cohomology for smooth S-schemes is the cohomology
represented by the unit object of DMy (S) = DMy(S, Q):

H{Y' (X) := Hompry, (M (X), 1())[n]).

This group can also be described as the i-graded part for the y-filtration of algebraic
rational K-theory: _
Hy' (X) = gr), Kai—n(X)q-
See [12, 14.2.14].
By construction, the ringed cohomology E** admits a canonical action of Beilinson
motivic cohomology Hf*. Concretely, for any smooth S-scheme X and any couple of
integers (n, i), the unit map 1 — E induces a canonical morphism

og : Hiy' (X) = Hompy, (M(X), 1(i)[1n]) — Hompag, (M (X), E(i)[n]) = E™'(X)
(2.1.3.a)
which is compatible with pullbacks and products. This is the higher cycle class map (or
equivalently the regulator) with values in the E-cohomology. Note also that this map can
be represented in the category D, (S, Q) as a morphism of ring spectra:

or : Hp — E (by abuse of notation we use the same symbol),
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which is unique according to [12, 14.2.16].
When n = i, it gives in particular the (usual) cycle class map:

op : CH"(X) — E*"(X) (2.1.3.b)
which is compatible with pullbacks and products of cycles as defined in [19].

2.1.4. A motivic ring spectrum E, considered as an object of D,1(S), is oriented (see
Remark 1.4.11). Thus, one can apply to it the orientation theory of Al-homotopy theory
(see [15] in the arithmetic case).

This implies that E** admits Chern classes, which are nothing else than the image of
the Chern classes in Chow theory through the cycle class map, and satisfies the projective
bundle formula (see [15, 2.1.9]). One also gets a Chern character map in D1 (S, Q):

h . . . .
cheyn : KGLg = @iz Hp ()[2i] %> ®iczEG)2i],

where K G Lg is the ring spectrum representing rational algebraic K-theory over R and ch
is the isomorphism of [12, 14.2.7(3)]. This map induces the usual higher Chern character
(see [20]) for any smooth S-scheme X:

chy, : K, (X)g — HEzi’”’i(X).
ieN

2.1.5. Given a motivic ring spectrum E, we can define a (cohomological) realization
functor of DMy (R):

E(-): DM (R)? — Q,,—VS, M — Homp sy (M, E).

This shows that the E-cohomology of a smooth S-scheme X inherits the functorial
structure of the motive of X.

In particular, given a projective morphism of smooth S-schemes f : ¥ — X, there exists
a Gysin morphism on motives:

M(X) - MY )(-d)[-2d],

where d is the dimension of f. This was constructed in [14], and several properties of
this Gysin morphism were proved there. Thus, after applying the functor E(—) above,
one gets the following.

Theorem 2.1.6. Consider the above notation. One can associate to f a Gysin morphism
in syntomic cohomology:

fe=E(f) :EM(Y) — B2,
Moreover, one gets the following properties.

(1) [14, 5.14] For any composable projective morphisms f, g, (f&€)x = fe&x-

(2) (Projection formula, [14, 5.18]) For any projective morphism f :Y — X and any
pair (x,y) € E**(X) x E**(Y), one has

f*(f*(x)y) =x.fx(y).
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(3) (Excess intersection formula, [14, 5.17(ii)]) Consider a cartesian square of smooth
S-schemes:
Y/ L X/

giplf

Y—X

such that p is projective. Let £/Y' be the excess intersection bundle’? associated
with that square, and let e be its rank.
Then for any y € E**(Y), one gets

FEpe(y) = ga(ce(§).8* ().

(4) For any projective morphism f : Y — X, the following diagram is commutative:

Hﬁ,i(Y) S Hg—zd,i—d(x)

Osyn l/ \Lasyn

En,i (Y) f En—Zd,i—d(X)’

Remark 2.1.7. e With the notation of Point (3), recall that & has dimension n —m,
where n (respectively, m) is the dimension of p (respectively, ¢). In particular, when
the square is transverse, i.e., n = m, one gets the more usual formula: f*p, = g.g*.

e Point (2) can simply be derived from the preceding formula applied to the graph
morphism y : Y — Y xg X, given that y* is compatible with products.

e Point (4) shows in particular that, when i : Z — X is a closed immersion, i,(1) =
or([Z]) is the fundamental class of Z in X. If Z is a smooth divisor, corresponding to
the line bundle £/ X, one gets, in particular,

ix(1) = c1(£).

This property determines the Gysin morphism uniquely in the case of a closed
immersion (see [14] or [32]).

When p : P — X is the projection of a projective bundle of rank n and canonical line
bundle A, one gets, again applying Point (4),

; 1 ifi=n
px(c1(A)) =
0 otherwise.

This fact, together with the projective bundle formula in syntomic cohomology,
determines the morphism p, uniquely.

By construction, the Gysin morphism f; for any projective morphism f is completely
determined by the two properties above.

12Recall from loc. cit. that one defines £ as follows. Let us choose a closed embedding i : Y — P into a
projective bundle over X, and let Y/ — P’ be its pullback over X’. Let N (respectively, N') be the normal
vector bundle of Y in P (respectively, ¥’ in P’). Then, as the preceding square is cartesian, there is a
monomorphism N — g~ !(N) of vector bundles over ¥’, and one puts & = g~ L(N)/N’.
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e For syntomic cohomology, Point (4) was conjectured by Besser [7, Conjecture 4.2]
(in the case of proper morphisms), and Theorem 1.1 in loc. cit. is conditional to the
conjecture. The latter result concerns the regulator of a proper and smooth surface §
over R. We also note that Point (4) has already been used (in the projective morphism
case, although stated for proper maps) in [28, p. 505], but the reference given there
is a draft of [13], which turns to be different from the published version and does not
contain the above statement or its proof.

Example 2.1.8. Let f:Y — X be a finite morphism between smooth connected
S-schemes. Let d be the degree of the extension of the corresponding function fields.
Then one gets the degree formula in E-cohomology: for any x € E**(X),

fef (x) =d.x.
Indeed, according to 2.1.6(1),

Fuf T () = fiol.f* (X)) = fu(1).x.

Then one gets fix(1) =d from 2.1.6(4) and the degree formula in Beilinson motivic
cohomology.

As a corollary of Point (4) of the preceding theorem, one obtains the Riemann—Roch
formula in E-cohomology.

Corollary 2.1.9. Let f : Y — X be a projective morphism between smooth S-schemes. Let
Ty be the virtual tangent bundle of f in Ko(X): 1y = [Tx]—[Ty], the difference of the
tangent bundle of X /S with that of Y/S. Then, for any element y € K, (Y)q, one gets the
following formula:

chg(f«(y)) = fi(td(tyr). chg(y)),

where td(ty) is the Todd class of the virtual vector bundle Tty in E-cohomology (defined
for example as the image of the usual Todd class in Chow groups by the cycle class map).

In fact, this corollary is deduced from the Riemann—Roch formula in motivic
cohomology after applying to it the higher cycle class and applying Point (4) of the
previous theorem.

2.2. The six functors formalism and Bloch—Ogus axioms

In this section, we will recall some consequences of the Grothendieck six functors
formalism established for Beilinson motives (see [12, 2.4.50] for a summary), and apply
this theory to the spectra considered in this paper. We will consider only separated
S-schemes of finite type over S. We will also consider an abstract object E of DMp(S).

2.2.1. We associate with E four homology/cohomology theories defined for an S-scheme
X with structural morphism f and a pair of integers (n, i) as follows.
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Cohomology E™'(X) = Hom(Lg, f« f*E@i)[n])
Homology E, i (X) = Hom(Ls, fi f"E(=D)[—n])
Cohomology with compact support E?’i(X) = Hom(1g, fif*E@)[n])
Borel-Moore homology EE?A(X) = Hom(Lg, fif'E(—i)[-n])

We will use the terminology c-cohomology (respectively, BM-homology) for cohomology
with compact support (respectively, Borel-Moore homology).

Note that these definitions, applied to the unit object 1 of DMgp(S), yield the four
corresponding motivic theories. Also, these definitions are (covariantly) functorial in E.
In particular, if E admits a structure of a monoid in DM (S) (i.e., E is a ring spectrum),
the unit map n : 1 — E yields regulators in all four theories.

When X/S is proper, as fx = fi, one gets identifications:

E(X) =E"(X),  EPM(X)=E,;(X).

2.2.2. Functoriality properties. We consider a morphism of S-schemes:

Y ; X
N
S

Using the adjunction map ady : 1 — fi f* (respectively, ad} : fift = 1), we immediately
obtain that cohomology is contravariant (respectively, homology is covariant) by
composing on the left by p, (respectively, p1) and on the right by p* (respectively, p').

When f is proper, fi = fi. Using again ady, ad}, one deduces that c-cohomology
(respectively, BM-homology) is contravariant (respectively, contravariant) with respect
to proper maps.

When f is smooth of relative dimension d, one has the relative purity isomorphism:

i~ fHd)2dl

(see in [12]: Theorem 2.4.50 for the statement and § 2.4 for details on relative purity). In
particular, one derives from ady and ad} the following maps:

fo tERX) > EP2 Ay, EPYX) - ERNg g (D).
Finally, when f is proper and smooth of relative dimension d, one gets, in addition,
fe BV X0 = BN, i (0 = Enradira (V).

Let us summarize the situation.

Theory Covariance (degree) Contravariance (degree)
Cohomology Smooth proper, (-2d,-d) Any

Homology Any Smooth proper, (+2d,+d)
Cohomology with Smooth, (-2d,-d) Proper

compact support

Borel-Moore Proper Smooth, (+2d,+d)

homology
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Remark 2.2.3. The fact that the functorialities constructed above are compatible with
composition is obvious except when a smooth morphism is involved. This last case follows
from the functoriality of the relative purity isomorphism proved by Ayoub in [1].

When considering one of the four theories associated with E, one can mix the two kinds
of functoriality in a projection formula as usual. In fact, given a cartesian square

Y/ i_ X/

P

Yy —X

such that f is proper and smooth (or f smooth and g proper when considering E. or
IEBM), one obtains, respectively,
e [*pi = q.g™ for the two homologies,
e p* fi = g+q™ for the two cohomologies.
This is a lengthy check coming back to the definition of the relative purity isomorphism.
The essential fact is that

g\ (Tyx) = Ty x,
where Ty,x (respectively, Ty//x’) is the tangent bundle of f (respectively, g).
2.2.4. Products. Let us now assume that [ is a ring spectrum, with unit map n: 1g — E
and product map u: EQE — E.

Of course, for any S-scheme X with structural map f, we can define a product on
cohomology, sometimes called the cup-product:

E™ (X) @B (X) > E"H (X), (x, ) = xy = xUy;
given cohomology classes
x:1x — fPE@Inl, y : Ix — f*E()Im],
we define xy as the following composite map:
Ix 28, FEOM S fFXE)DIm = fFFERE) + Hn+ml 5 fFHE) + j)n+m].

This product is obviously commutative and associative. Note one can also define an
exterior product on cohomology as follows:

E™ (X) @ E™/(Y) — B (X x5 ¥), (x,y) = pi(x).p5(),

where p; (respectively, ps) is the projection X x5 Y/X (respectively, X xsY/Y).
One can also define ezterior products on c-cohomology. Consider a cartesian square
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of separated morphisms of finite type. We define the following product on c-cohomology:
EX (X) @B (1) > EC™ T (X x5 ), (6, 3) > x x y,
which associates to any maps
x:ls — fif E@Inl, y: 1s > gig"E(j)[m],

the following composite map x x y:

1“2 fif* @) 0)n] © g18* B)()lm]
=~ A(FEYDI® f*aig"(B)) (i + j)ln +m]
~ A(fFE®) O] ® g f*¢" [B)) (@ + j)ln +m]
~ figi (8" [ EDn] @ fg"(B)) i + j)n+m]
= hh*EQE) + j)ln+m] 5 hh* )i + j)n+m],
where the first and the third isomorphisms follow from the projection formula [12

2.4.50(v)] and the second one from the exchange isomorphism [12, 2.4.50(iv)].
One can check the following formulas:

)

(xxy)xz=xx((yxz), XXy=yxux,
through the respective isomorphisms
X xsY)XxsZ > (XxsY)xsZ, XxgY=~YxgX.

Further, because c-cohomology is contravariant with respect to proper morphism, given
any S-schemes X (separated of finite type), the diagonal embedding § : X — X xg X
allows one to define an inner product on c-cohomology:

E (X) @ B/ (X) — B (X)), (x, x') > 8%(x x x)).

When X/S is proper, one can check that this product coincides with the cup-product on
cohomology.

Remark 2.2.5. Let f : Y — X be a proper smooth morphism. According to the projection
formulas established in Remark 2.2.3, one can check that, for any couple (y, x) either in
E*i(Y) x E™J(X) or in B l(Y) E! ¥ (X), one gets the following usual projection formula
(for products):

felx f5() = fulx).y.
In fact, in each case, one uses the relevant formula of Remark 2.2.3, the external product,
and the following formulas:

yx fH) =1y x5 f)(y xx), fuly) xx = (f x5 1x)x(y x x).

2.2.6. Cap product. One can extend the cohomology theory associated with E to a theory
with support. Given any closed immersion of S-schemes,

Z—>X

T



24 F. Déglise and N. Mazzari

one puts ‘
E%'(X) = Hom(i,(17), f*E(i)[n]) = Hom(1z, ' f*E(@i)[n]).
This theory satisfies all the usual properties. We refer the reader to [15, § 1.2] for a
detailed account.
Assuming again that E is a ring spectrum with product map u:EQE — E, one
defines, following Bloch and Ogus, [8], the cap-product with supports:

EE?/I(X)@E;J(X) —EBM (7)., (x,2) > xnz.

n—m,i—j
Let us first introduce classical pairing of functors (see [17, IV, § 1.2]): given any objects
A and B of DMy (S), one considers the following composite map:
! % Ex ! ady
M) [ (B) — [Nif (AI®B — AQB,

where the first map is the isomorphism of the projection formula [12, 2.4.50] and the
second one is the counit of the adjunction (fi, f'). One thus deduces by adjunction the
following pairing;:
F e B > A B).
Thus, given maps
x:1x > fUB), z:iu(lz) > f*(E)
one defines x nz from the following composite map:

i1 25 B e fE S fERE S F®),

using ix = i\, the adjunction (i1, i), and i' f' = g'.

Remark 2.2.7. Consider a cartesian square of S-schemes
Tty
Y
VAR ¢
such that i is a closed immersion and f is proper. Then, for any couple (y, z) € EE%/[(X )®

E'g’j (X), one obtains the following formula:

fx)nz = g«(yn f*(2)).

2.2.8. Suppose again that E is a ring spectrum with unit map n: 1y — E.
Let f : X — S be a smooth S-scheme of relative dimension d. Then, according to [12,
2.4.50(iii)], one obtains a canonical isomorphism of functors:

pr:fl— @24l

In particular, one gets a canonical map

* p »l '
nx i1y = f*(Ly) L5 B L fLE)(—d)[-2d)

which corresponds to a homological class nx € ]EzBdN; (X). The following result is now a

tautology.
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Proposition 2.2.9. Consider the above assumptions, and let Z C X be any closed subset.
Then the map

E% (X) — ESM, (). 2 nxnz
is an tsomorphism.

One can now summarize some of the main properties we have proved so far as follows.

Corollary 2.2.10. The couple of functors (]E**, EE’*M) forms a Poincaré duality theory
with supports in the sense of Bloch and Ogus [8, Definition 1.5].

This is the case in particular for syntomic cohomology and syntomic BM-homology.

2.2.11. Descent theory. Recall (see [12, § 3.1]) that a diagram of S-schemes (X, I) is
the data of a small category I and a functor X : I — .. A morphism of diagrams ¢ =
(o, ) : (X, 1) = (), J) is the data of a functor f : I — J and a natural transformation
a: X — f*(), where f*()) =Yo f.

Accorded to [12, § 3.1], the fibered triangulated category DMy can be extended to the
category of diagrams. Moreover, for any morphism of diagrams ¢ : (X, I) — (), J), one
has an adjoint pair of functors:

©* : DM (Y, J) S DM (X, 1) : @,.

Consider a diagram of S-schemes (X, I) and the canonical morphism ¢ : (X, I) — (S, %),
where * is the final category. Then one defines the cohomology of (X, I) as

E™ (X, I) = Hom(L, g.0*(E)(i)[n]).

This is contravariant with respect to morphisms of diagrams.

In particular, one has extended the cohomology E** to simplicial S-schemes. The
h-topology was introduced by Voevodsky in [35]. Recall that an h-cover f:Y — X
of S-schemes is a universal topological epimorphism (e.g., faithfully flat maps, proper
surjective maps). Then the h-descent theorem for Beilinson motives [12, 14.3.4] states
the following.

For any quasi-excellent S-scheme X and any hypercover p : X — X for the h-topology,
the canonical map

p* i EM(X) — E"(X)
is an isomorphism. In particular, one gets the usual spectral sequence:
EPT = EPI(X,) = EPTN(X).

Remark 2.2.12. As already remarked in [10], the preceding descent theory, together with
De Jong resolution of singularities, shows that, in the case where S is the spectrum
of a field (not necessarily perfect), the cohomology E** is uniquely determined by its
restriction to smooth schemes.
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3. Syntomic spectrum

In this section, we construct several motivic ring spectra (see Definition 2.1.1):
Erdr, Erig, Ep, Esyn. First, for a field K of characteristic zero, we construct Epgr
representing the filtered part of the de Rham cohomology of a K-scheme; i.e.,

Efir (X) = Homp |, (7.0)(Z* Q(X). Epar ()[n]) ~ F' Hjp (X).

Then we define E,jg, which represents the rigid cohomology of Berthelot. This was
already proved in [11] in a different way. For both Epgr and Eig, we use the criteria of
Proposition 1.4.10.

Finally, we get a motivic ring spectrum [Esy, for the rigid syntomic cohomology as a
homotopy limit of a diagram of ring spectra.

3.1. Cosimplicial tools

3.1.1. Let A be the category of finite ordered sets [n]:=1{0,...,n} as objects and
monotone non-decreasing functions as morphisms. Let §;(n) : [n — 1] — [n] (respectively,
oi(n) : [n] = [n—1]) be the usual3 (co)face (respectively, (co)degeneracy) map. When
there is no ambiguity, we will simply write §;, 0;. Given a category C, a simplicial
(respectively, cosimplicial) object of C is a functor from A° (respectively, A) to C.

For instance, let A,, = Q[Ty, ..., Tn]/(z T; — 1). Then this is a simplicial Q-algebra in
an obvious way. It follows that the associated differential graded algebra (dga) of Kéhler
differentials

o =Q% g n=0 (3.1.1.a)

is a simplicial dga over Q. We will denote by §' = 8* (respectively, ol = o) the structural
morphisms.

Now let M be a cosimplicial abelian group and sM the associated simple complex
(sM' = M[i] and the differentials are the alternate sums of the coface morphisms).
Its standard normalization NM is the subcomplex of sM s.t. N9M := "), ker(o;) C M1.
Then inclusion NM — sM is a homotopy equivalence. Now, if M is also a cosimplicial
commutative monoid, the Alexander—Whitney product* gives a (differential graded)
monoid structure on sM and NM, but this is not necessarily (graded) commutative.
Thus we consider the following construction due to Thom and Sullivan. Let M be a
cosimplicial dga. We define

NIiM C l_la)z1 QM™
m

as the submodule whose elements are sequences (x;)m>0 such that

(1d®8)xm = (8' @1 xpr1, (0 ®1D)xy = (d Q) X1,
and define the differentials D : NYM — N4+ipm by D = ((—1)71d ®d) + 1d ®9), where d
(respectively, d) is the differential of M (respectively, w,, ). With the above notation, if M

131.«3., the image of §;(n) is [n]\ {i}.
1 This is given as follows. Let 8~ : [¢q] — [g +4¢'] (respectively, 87 : [¢'] — [g]) be the map with image
{0,1,...,¢q} (respectively, {g,g+1,..., g+4q'}). Then define a*b := 86" (a) 87 (q).
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is further a cosimplicial commutative monoid ,then NM is a commutative monoid too.
Namely, we can define
NM®NM — NM (3.1.1.b)

induced by (@ @m) Q@ (&'’ @m') =ara’ @ (m-m').

Moreover, the complex NM is quasi-isomorphic to the standard normalization N M
(and then to sM).™?

We can extend the above constructions to the setting of cosimplicial dg abelian groups.
Given such an M = MP4 (where ¢ is the cosimplicial parameter), then sM (respectively,
NM, NM ) is naturally a double complex, and we can apply the total complex functor,
denoted by tot, to obtain a dg abelian group.

Now we are ready to state a technical result well known to the specialists.

Proposition 3.1.2 (see [24], [26, Appendix]). Let M be a cosimplicial (commutative) dga
over Q. Then there exists a canonical (commutative) dga NM and a quasi-isomorphism
/: NM — sM inducing an isomorphism of (commutative) dg algebras in cohomology
H([): HINM) — H(sM).

3.1.3. (Godement resolutions) Let u : P — X be a morphism of Grothendieck sites and
let P~ (respectively, X™) be the category of abelian sheaves on P (respectively, X). Then
we have a pair of adjoint functors (u*, u,), where u* : X~ — P~ u, : P~ — X" For any
object F of X™, we can define a cosimplicial object B*(F) whose component in degree n
is (usu™)"H1(F). 16

Proposition 3.1.4. Let u : P — X be a morphism of sites and F a complex of sheaves on
X. If u* is exact and conservative, then the following hold.

(1) The complex Gdmp(F) := sB*(F) is a functorial flask resolution of F.
(2) If F is a Q-linear sheaf, the Thom—Sullivan normalization é_(\ir/np (F) = ﬁB*(]:) is
a functorial resolution of F.

(3) If F is a sheaf of (commutative) dga over Q, then the complex (/}zlr/np (F) =
N B*(F) is a sheaf of commutative dga, and the canonical isomorphism H* (X, F) =
H*(I'(X Gdm F)) is compatible with respect to the multiplicative structure.

15The isomorphism is induced by the integration map [ oy ®M" - Q[—n]® M" defined by

1
dTy N ANdTy) @m —®m.
n:

16The cosimplicial structure is defined as follows. First, let n : Idy~ — usu® and € : u*u, — Idp~ be the
natural transformations induced by adjunction.
Endow B"(F) := (usu®)"1(F) with codegeneracy maps

ol = (usu™) useu* (usu®)" 1= BYF) - B"NF) i=0,..., n—1,

and cofaces . )
8§11 = ) nusu®y' " B"NF) — BY(F) i=0,....n.
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Proof. Since u* is exact and conservative, to show that the canonical map br : F —
sB*(F) is a quasi-isomorphism is sufficient to prove that u*br is a quasi-isomorphism.
This follows from the fact that the augmented complex

w*F — u*B"(F) - u*BY(F) — - -

is null-homotopic: the homotopy A’ : u*(usu®)' (F) — w*(uwu*)'~1(F) is induced by the
counit u*u, — Id, and one checks easily that Id = d'~' o h’ + hit! o d?, where d' is given
by the alternating sum of cofaces. The rest follows directly from Proposition 3.1.2 and
the existence of a family of canonical maps

Up : B"(F)® B"(G) —> B"(F ® G)

compatible with the cosimplicial structure. We leave it to the reader to check that, if
F* is further a (commutative) dga on X, then B*(F™) is a cosimplicial (commutative)
dga.l” O

3.1.5 (Enough points). We will use the above construction in the case when X is the
site associated to a scheme or a dagger space (in the case of a dagger space we take
the site associated to its G-topology). In both cases, we let P be the category P#(X) of
site-theoretical points of X. For a general X, the canonical map u : P{(X) — X is not
conservative. The latter property is guaranteed in the two cases we are interested in. It
suffices to exhibit a subcategory C of P#(X) (with the discrete topology) such that u
restricted to C is conservative. When X is associated to a scheme (respectively, a dagger
space) we let C be the category of its Zariski points (respectively, its Berkovich or adic
points). This is enough, as explained in [13, § 3] or [34, § 3].
From now on, we will simply write Gdm instead of Gdm Pi(x), With X as above.

3.2. De Rham cohomology

3.2.1 (The Hodge Filtration). We recall some well-known facts about algebraic de Rham
cohomology (see for instance [27]). Let K be a field of characteristic zero, and let
X be a smooth and algebraic K-scheme. Fix a compactification g : X — X such that
the complement D = X \ X is a normal crossing divisor.'® Then consider the complex
Q;-( /K(D) of differential forms on X with logarithmic differential poles along D. The
natural inclusion Q;-( K(D) C 8«02% /K is a quasi-isomorphism, and we define the Hodge

filtration on the de Rham cohomology of X by

F'H}(X/K) = H"(X, FiQ;-(/K(D)),

where FiQ;-(/K(D) is the stupid filtration.

171n fact, one needs to take care of the signs:

uab . BM(F) @ B"(F') — B"(F* @ B"(FP)), U = (-1)"U,.

18Such a compactification exists by Nagata’s compactification theorem and the result of Hironaka on
the resolution of singularities.
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A remarkable result of Deligne says that (for K = C) the Hodge filtration does not
depend on the chosen compactification. Moreover, given a morphism f:X — Y of
smooth algebraic schemes over C, the induced morphism on the de Rham cohomology
is strictly compatible w.r.t. the Hodge filtrations.!” Then the same holds for HlR (X/K)
where K C C is a field of characteristic zero.

Proposition 3.2.2. Let X be a smooth K-scheme.

(1) For any normal crossing compactification X of X, the resolution (/}?ir/n(Q}/K(D))

(notation as in § 5.1.5) gives a sheaf of filtered commutative dga®®  and
FIH!: (X/K) = H'(I'(X, de(FiQ;z/K(D))).

(2) The complexes

Erar,i(X) = colim (X, Gdm(F'Q (D)) (3.2.2.a)
E/g(X) := colimT'(X, Gdm(g. Q%)) (3.2.2.b)

X
Eqr(X) = ['(X, Gdm(Q%)) (3.2.2.¢)

are functorial in X, and there are functorial quasi-isomorphisms?*

Ergr,0(X) = Ejp(X) < Eqr(X).

Proof. By definition, Q% , (D) is a commutative (filtered) dga. Let

X/K

F' GAm(Q% (D)) = Gdm(F'Q} (D).

Then C/}cTr/n(Q;-(/K(D)) is a (sheaf of) filtered commutative dga by Proposition 3.1.4. This

concludes the proof of point (1).

L]
As the complex of sheaves Q)-( /K

the same is true for F! (/}(\i_r/n(Q;-(/K(D)). Note that the category of normal crossing

(D) is functorial®?? with respect to the pair (X, D),

compactifications is filtered. Hence the above colimit is quasi-isomorphic to any of its
elements. What remains to prove follows directly from the definitions. O

Example 3.2.3. Let X = IP’}( \ {0, oo}. By construction, Ergr,i(X) is a complex starting
in degree 1. Let dlog € I'(P! ,QI]PI (0, 00)) = HY(Epqr.1(X)[1]) = H'(Epqr.1(X)) be the
section defined by dT /T, for a l(fcal parameter T at 0. Note that the class of dlog is a
generator for F! H&R(X ) = K. We will denote it by chR.

Proposition 3.2.4. There exists a motivic ring spectrum Epgr whose components are the
complexes Epqr,; and such that

F'Hljg (X) = Homp, | (x,0)(L, Epar (D) [n)).

197 morphism f : A — B of filtered vector spaces is strict if f(F[A) = f(A)N FiB.
208et, F! Gdm = Gdm F!.

21We introduce EéiR since there is no natural map between Eqr and EpgR ;-
22Morphisms of pairs are morphisms of commutative squares.
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Proof. By the previous lemma, the family Epqr; forms an N-graded commutative
monoid. The dlog of the above example gives a morphism Q(G,,, k) — EpqR,1. According
to Proposition 1.4.10, we have to prove the following.

(Excision and homotopy) Epqr,; is both Nis-local and A!-local. We know that Eqg is
Nis/A!-local, so the same holds for EFqRr.0- The same holds for EpgR ;, since the canonical
maps Erqr,; — Erdr.o induce the Hodge filtration on cohomology. Then thanks to the
strictness it is easy to conclude (see also the paragraph following this proof).

(Stability) The cup product with dlog = dT/T induces an isomorphism

H"(E;{(X)) = H" "N (E;41(Gp x X))/ H" T (Ei11(X)).

Let g: X — X be a normal crossing compactification with complement D. Then
Gm x X — P! x X is a normal crossing compactification with complement E = {0, oo} x
X UP! x D. We have to prove that Qpi, g (E) = piQp1(0, 00) ® p5Q5 (D). This can be
checked locally by choosing étale coordinates. Then it is easy to prove the filtered
Kiinneth decomposition Fi+1Hc'l’§l(G,n x X) = HgR(Gm) ® Fi+1Hc'1’§l(X) ® H&R(Gm) ®
FUH}p (X), since FIHIp (Gyp) = Hip(Gp) = K for j =0, 1. As H];(G,,) = Kdlog, the
claim is proved.

(Orientation) This is obvious: the morphism of A\ {0} induced by T + 1/T sends
dT/T to —dT/T as an element of HO(PL, QllP’}( (0, 00)) C EFdR’l(Al \ {0}). O

3.2.5 (Variation on dagger spaces). Let K be a p-adic field (i.e., a finite extension of
Qp), and let R be its valuation ring. We define a canonical commutative dga RI'qgr(X)
for the de Rham cohomology of a dagger space X over K. Consider the following
algebra:

Woi= 1> aT’ € KIIT1,.... Tll3p > 1, |av]p" — 0.

v

According to Grosse-Klonne [21], a K-algebra A is a dagger algebra if it is a quotient of
W,, for some n. To such an A we can associate the spectrum of maximal points Spm(A)
which is a G-ringed space. One has a universal K-derivation of A into finite A-modules,
d:A— Qk/K, giving rise to the de Rham complex Qx,x on a general dagger space X'
Assuming X to be smooth, we can set

HiR (X) 1= H"(X, Q).

It follows from Proposition 3.1.2 and § 3.1.5 that the complex RI4r(X):=
(X, Gdm Q% / k) 1s a functorial commutative dga.

Now let X be a smooth R-scheme. We can associate to it two different dagger spaces:
one is the dagger analytification (X )T of its generic fiber; the other is the Raynaud fiber
(X")g of the weakly formal scheme X" associated to X. There is a natural inclusion
(X")g C (Xk)T. Further, there is a map of sites ¢: (Xx)" — Xx as in the classical
analytification case.
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3.3. Rigid cohomology

We recall the construction given by Besser as rephrased in [34], since there are some
simplifications. For the sake of the readers we give all the required definitions. We fix
a p-adic field K and denote by R (respectively, k) is its valuation ring (respectively, its
residue field).

3.3.1. After the work of Grosse-Klonne one can compute the rigid cohomology of
Berthelot via dagger spaces [21]. The method is as follows. Let X be a smooth k-scheme.
Then we can choose a closed embedding X — ) in a weak formal R-scheme ) having
smooth special fiber }. We call such an embedding a 1igid pair, and we denote it by
(X,)). There is a specialization map sp : Yx — ), where Vg is the generic fiber of ).
We write | X[y:= sp~1(X), called the tube of X in .

A morphism of rigid pairs (X, )), (X’,)’) is a commutative diagram

X[y —=1X'Ty

spl l”’

X—X

We denote by RP the category of rigid pairs.
The datum of a rigid pair (X, )) is sufficient to compute the rigid cohomology of X
(with K coefficients) as follows:

Hl', (X/K) = Hig (1X[y) = H" (X [y, iy, /5)-

The de Rham complex Q]’X[y /K is functorial in (X,)), and its cohomology is
independent up to isomorphism of the choice of ). Since the tube of X in ) is a smooth
dagger space, we get H:’ig(X/K) = H"(RTqr(1X[y)) (see 3.2.5).

Proposition 3.3.2. (1) For any p-adic field K with residue field k, there exists a ring
object RT'yig  in the calegory DZJ?C(Spec k, Q) that represents rigid cohomology (with
coefficients in K ): i.e., for any affine and smooth k-scheme X, there is a canonical
rational commutative dga RTyig g (X) such that H"(Rl"rig,K(X)) = Hlfig(X/K). (The
same holds if we replace the coefficient ring Q by any field L s.t. Q C L C K).

(2) Let X as above, and let (X,Y) be a rigid pair. Then there is a commutative dga
RTig(X, V) together with a diagram of dga quasi-isomorphisms

RTvig, g (X) < RTyig(X, V) — RTqr(1X[y)

functorial in the pair (X,)).

(3) (Base change) Let p : R — R’ be a finite map of complete discrete valuation rings.
Let k (respectively, k') be the residue field of R (respectively, R'). Let X be a
k-scheme. Then there is a canonical (both in X and R) quasi-isomorphism

K/®K RFrig,K(X) - RFrig,K’(Xk’)~
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The latter induces an isomorphism in D (Speck ),
RFrig,K Rk K — f*(RFrig,K’)’
where f : Speck” — Speck is the map induced by p and RTyig» denotes the object
of point (1).
(4) There exists a canonical o-linear endomorphism of RTyig k,(X) inducing the
Frobenius on cohomology: it is defined as the composition of

Id®1 l. Frob.
RTig ko (X) 225 RDyig k0 (X) @5 Ko 25 RTyig ko (F*X) 252208 Ry ko (X),

(3.3.2.a)
where b.c. stands for the base change morphism of point (3); F is the Frobenius of
Speck; F*X is the base change of X via F; and the last map on the right is the
relative Frobenius.

Proof. The details are given in [6, 4.9, 4.21, 4.22]. Since we adopt the language of dagger
spaces there are some formal differences. For the sake of the readers we give the necessary
modifications. To obtain a complex functorial in X, we have to take a colimit on some
filtered category. The category of pairs (X, )) with X fixed is not filtered. Hence we have
to introduce the following categories. We define the set RPx (respectively, RP(x,y)) of

diagrams X i> X' — Y (respectively, (f, F) : (X,Y) — (X, y ) morphism of rigid pairs),
where (X’,)’) is a rigid pair. Let RP0 (respectively, RP y)) be the subset of RPyx
(respectively, RP(x y)) with f =Idx (respectlvely, (f, F) = (Id Id))

Now we can form the category SET0 (respectively, SET(X y)) with objects the

finite subsets of RPx (respectively, RP(xy)) having non-empty intersection with RPQ
(respectively, RP(OX y))? morphisms are inclusions. For instance, an element of SE T)? is a

finite family of diagrams X Ja, X, — YV, a € A (finite set), such that f,, = Id for some
ap € A. To such an object we can associate the complex RTgr (1X [yj,)v where V, =[], V..

The categories SE TO and SE T(()X z.p) are filtered.
Having this said, we define
RTyig g (X) = cohm RFdR(]X[y/ ) Rlyig(X,Y) ;= colim RFdR(]X[y/)
AeSETY A€SETYy
Now one can follow word by word the proof of Besser. O

Proposition 3.3.3. There exists a motivic ring spectrum g ¢ whose components are all
equal to the complex RTyig x and whose stability class is induced by dlog such that

Hp (X/K) = Eflfg x (X) :==Homp , 4,0 (M(X), Evig g (i)[n]).

Proof. We have to verify the hypothesis of Proposition 1.4.10 for the family E

RTyig k- First, we need to define a morphism of complexes Q[0] — RTyig, x (G k) (D[1].
We argue as in the de Rham case. Let us denote X = G, r. Then the de Rham
cohomology of the dagger space (X")x computes the (K-linear) rigid cohomology of
Xk = Gk, and there is a canonical map from RIqr((X*)k) to RI'yig x (Xx). We can
apply the construction of 3.1.4 to the inclusion Q%XW)K/K[—I] C Q(IXW)K/K, and we obtain
(as in example 3.2.3) an element dlog of RTqr((X%¥)k) of degree 1. O
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Remark 3.3.4. With the notation of point (3) of Proposition 3.3.2, one gets a canonical
base change isomorphism in DMy (k):

IE1rig,K Rk K/ _:_> f*(Erig,K/)~

In what follows, we will simply denote by Erig (respectively, RI'yig) the ring spectrum
Erig k, (respectively, the complex RT'vig k) )-

3.4. Absolute rigid cohomology

3.4.1. Along the lines of [5] and [2], we are going to define the analogue of absolute Hodge
theory in the setting of rigid cohomology. Let k be a perfect field of characteristic p. We
denote by F-isoc the category of F-isocrystals (defined over k): i.e., finite-dimensional
Ko-vector spaces together with a o-linear automorphism. This is a tensor category with
unit object 1 given by Kg together with o. For any I € F-isoc, we denote by I(n) the
F-isocrystal having the same vector space I and Frobenius multiplied by p™". We would
like to define the absolute rigid cohomology of a k-scheme X as follows:

H£(X, i) := HOme(F—iSOC)(]l’ RT'(X)(@)[n]),

where RT'(X) is a complex of F-isocrystals such that H"(RI'(X)) = Hlf’ig(X) together
with its Frobenius endomorphism. Since we do not know how to construct RT" directly, we
follow the strategy of Beilinson in loc.cit. and deduce its existence from Proposition 3.3.2.

Let Cfig be the category of bounded complexes of Kpy-vector spaces M together with
a quasi-isomorphism ¢ : M° = M ®k, - Ko — M. We define homotopies (respectively,
quasi-isomorphisms) between objects in Cfig to be morphisms in Cfig such that they are
homotopies (respectively, quasi-isomorphisms) of the underlying complexes of Kop-vector
spaces. Then we can define the category K?ig to be the category Cfig modulo the
null-homotopic morphisms.

Lemma 3.4.2. (1) The category Kfig 18 triangulated.

(2) The localization Kfig[A_l] of the category Kfig by the subcategory A of acyclic
objects exists, and it is a triangulated category too.

(3) Let Dfig C Kfig[A’l] be the full subcategory of complexes whose cohomology objects
(w.r.t. the usual t-structure on complexes) are in F-isoc. Then there is a natural
equivalence of categories 1 : D (F-isoc) — Dfig.

Proof. We leave it to the reader to check that all the arguments given in [2, § 1,2] (or [13,

§ 2]) can be adapted to our (much simpler) setting. We limit ourselves to making explicit

the formulas for the Hom groups in D?(F-isoc), Dfig'

Let M, N be two bounded complexes of F-isocrystals. Recall that F-isoc has internal

Hom, so we can form the internal Hom complex Hom®(M, N) with Frobenius ¢ n.

Consider the following morphism of Q p—linear23 complexes:

Em n : Hom®*(M, N) - Hom*(M,N), x> x—¢y nX.

23These are not Kop-linear since (in general) the Frobenius is not.
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Then we can prove as in [2, proposition 1.7] that

Hom pb pigoe) (M, N[i]) = H'~' (Cone £, y). (3.4.2.2)

b

Similarly, given two complexes M, N in C} o

we define the morphism of complexes
51/1/1,N : Hom®*(M, N) — Hom*(M°,N), x> xody —¢no(x Qs 1).

24Then the Hom groups in Dfi g can be computed as follows:

Homeig (M, N[i]) = H'~"(Cone E,’VLN). (3.4.2.b)

Now it is easy to check that, given two F-isocrystals M, N, we have
Ext. (M, N) = Hom,y, (tM, tNIiD), (3.4.2.c)
and the faithfulness of ¢ follows. O

Definition 3.4.3. Let X be an algebraic k-scheme. We define the absolute rigid cohomology
as
Hy (X, i) i= Hompy (L, RTig(X)()ln)).

It follows from the equivalence ¢ of the above lemma that the same formula holds in
DP(F-isoc) for some object RT'(X) corresponding to RT g (X).

Corollary 3.4.4. There is a natural spectral sequence
EYY = Extl, (1, HI(X)(D)) = HJ (X, i) (3.4.4.2)
degenerating to the following short eract sequence:

0— Hrlig(X) /Im(Id —¢/p') — H(,’)”i(X) — Hfig(X)‘f’:”i — 0.

Proof. The existence of the spectral sequence follows from formula (3.4.2.c). By (3.4.2.b),
it is concentrated in the columns p = 0, 1, so it gives short exact sequences. O

Proposition 3.4.5. There exists a motivic ring spectrum Ey € DMp (k) representing the
absolute rigid cohomology; i.e.,

Hg(X, )= EZ’(X) := Homppr; ) (M(X), Eg (D) [n]).

Proof. By point (4) of Proposition 3.3.2, we can define a family of morphism of presheaves
of complexes:
o/p'
RTyjg —> RTyyg.

We claim that the latter induces a morphism of ring spectra:

[}
Erig — Erig.

24Note that we cannot use Hom, because there is no internal Hom in Crbig' This is due to the fact that
the Frobenius is only a quasi-isomorphism.
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Indeed, it is sufficient to notice that (¢ ® 1) odlog = p dlog, where dlog : Q(G,,)[—1] —
Eyig(1) is the stability class of the rigid spectrum.
Now we can define E4 to be the homotopy limit of the following diagram of ring spectra:

]

= Exig. (3.4.5.a)

IErig
The limit exists by 1.4.8.
To conclude the proof, note that Ey ; is quasi-isomorphic to the cone Cone(Id —¢/ i)

(up to a shift!). Then it is sufficient to compare (3.4.2.b) and (1.4.10.a). O

Remark 3.4.6. According to the preceding proof, one gets a canonical distinguished

triangle of DMy (k):

Ep — Brig ——> Erig >, (3.4.6.2)

which induces the short exact sequences of the preceding corollary. In particular, these
exact sequences are functorial with respect to the motive of X.

3.5. Syntomic cohomology

3.5.1. Let X be a smooth R-scheme. With the notation of § 3.2.5, there is a map of
commutative dga

spy : Eqr(Xg) = RTqr((X")k) = RTyig(Xi, X*)

inducing the specialization on cohomology and functorial in X. Details can be found
in [34, §§ 3.3, 5.3].

Now, we can recall the definition of syntomic cohomology H, yn (X, 1) of X: it is the
cohomology of a complex RI'syn(X,i) defined as the homotopy limit of the following
diagram:

Rrrlg(Xk) Rrrlg k (X&) RUqr(1X«k [Xw dR(XK)
YN N TN N
RFrig(Xk) — Rrrlg(Xk) RFrlg(Xk’ X") E4r(Xk) EFdR,z (Xk)

(see [6], [13]). To be precise, Besser uses the cone of ¢ — p' Id instead of Id —¢/p'.

Proposition 3.5.2. Let R be the valuation ring of a p-adic field K. Then there exists a ring
spectrum Egyn in DMp (R, Qp) representing the syntomic cohomology defined by Besser;
i.e., for any smooth R-scheme X and any integer n, there is a canonical isomorphism

HY (X, i) = ELE (X) = Hompag (£,0,) (M (X), Esyn()[n]).
In particular, all the results of § 2 apply to syntomic cohomology.

Proof. By construction, the absolute rigid spectrum E, maps to g, and so to the base
change Ejg k. By the six functor formalism we get the functors

i* : DMB(kv QP) g DMB(R, Q[J)7 .]* : DMB(Kv Qﬁ) g DMB(R7 QP)
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induced by the usual closed (respectively, open) immersion of schemes i : Spec(k) —
Spec(R) (respectively, j : Spec(K) — Spec(R)). Then we define Egyn as the homotopy
limit (in the category of ring spectra) of the following diagram:

ixEy — ixErig x < a — b < ¢ — d < jEpqr,

where a, b, ¢, d are the ring spectra induced by Eyig(Xg, X*), RTqr(1Xklx,,), Ear(Xk),
E ZiR(X k), respectively: we leave to the reader the verification that they are ring spectra,
following the same proof as the one of 3.3.3.

To conclude the proof, it is sufficient to note that a homotopy limit of a diagram of
Morel motives is also a Morel motive. O

Remark 3.5.3. Given a complete discrete valuation ring R with residue field k and fraction
field K, such that R/ W (k) is finite, we get a map of ring spectra in DM (k):

ap : By — Erig ko = Erig, k) @Ko K — Erig k,

where the last isomorphism comes from Remark 3.3.4. Let us put a = i, (ap).
Secondly, we get a morphism of ring spectra in DMp(R):

. . Sp .
b: jxEpar — j«Ear — i+Erig k-

The first map is the canonical morphism, and the second one is the specialization map
induced by the morphism spy of Paragraph 3.5.1.

Then the syntomic ring spectrum is characterized up to isomorphism by the following
homotopy pullback square (of morphisms of ring spectra):

Esyn S J+Erdr (3.5.3.a)

8| |

. a .
1*E¢ - Z*Erig,K

In other words, one can define Esy, as the homotopy limit of the lower corner of the
above diagram — but this definition is less precise than the one given in the proof of the
previous proposition as (in this way) Egyy is defined only up to non unique isomorphism.

The fact that the preceding square is a homotopy pullback can be translated into the
existence of a distinguished triangle in DMy (R):

+8 . . —b . +1
Esyn AL i+E¢ @ jxErdr a7 ixErig k —, (3.5.3.b)

which corresponds to the long exact sequence, for X/R smooth:

o HALG D) 2P i@ I (Xk) S0 HE (Xe/K) = ... (35.3.0)

syn rig
Here, a (respectively, B«) is the usual projection map from syntomic cohomology to

IEZ” (Xi) = Hy (X, i) (vespectively, FiH(’i’R(XK)), while a, is the canonical map and b, is
induced by the specialization map from de Rham cohomology to rigid cohomology.
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Note also that Egyy is the homotopy limit of the diagram of ring spectra

J+Erdr

s

[
l*Erig ? l*Erig — Z*Erig,K

so we also obtain the following distinguished triangle:

. . . . +1
Esyn — I*Erig ® jxEpqr — l*Erig 57 Z*Erig,K -,

which precisely induces the long exact sequence originally considered by Besser.

Remark 3.5.4. Syntomic cohomology can be functionally extended to diagrams of
S-schemes, as well as rigid cohomology, absolute rigid cohomology, and filtered de Rham
cohomology. One should note however that the syntomic long exact sequence (3.5.3.b)
can be extended only to the case of diagrams of smooth S-schemes.

3.6. Localizing syntomic cohomology

3.6.1. As the fibred triangulated category DMy satisfies the “gluing formalism” (this
is called the localization property in [12], see § 2.3), we get a canonical distinguished
triangle:

’

. ad; adj . % .o
ixi’(Esyn) —> Egyn —> Jjsj (Bsyn) — ixi (Egyn)[1] (3.6.1.a)

for i : Speck — Spec R and j : Spec K — Spec R the natural immersions. The maps ad;
and ad; are the obvious adjunction maps, and the map 0; is the unique morphism which
fits in this distinguished triangle (see [12, 2.3.3]).

Remark 3.6.2. One can be more precise about the gluing formalism. Given any object
M of DMt (R), there exists a unique distinguished triangle of the form

M, — M — Mg 2> M[1]

such that My (respectively, Mk ) has support in Speck, i.e., j*My = 0 (respectively, in
Spec K, i.e., i'"(Mg) = 0). This means that there exists a canonical isomorphism of that
triangle with the following one:

[ ad] adj 9% ..
isi (M) — M — j.j (M) — i (M)[1].
3.6.3. Let us introduce yet another spectrum. We consider the map

ap . E¢ —> Erig,Ks

which is defined at the level of the underlying model category, and take its homotopy

> . . . 0q .
fiber Ey. In particular, we have a canonical morphism: iy Eyig x — ixEg[1].
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Proposition 3.6.4. Consider the above notation. Then the syntomic spectrum is equivalent
to the homotopy fiber of the morphism

b 1 juBpar > ixErigx — Luligl1].
Moreover, there are canonical identifications

i'Esyn =Ep,  /*Esyn = Erdg.
through which the localization triangle (3.6.1.a) is identified with

ixEp — Eeyn — jxEar LY i Epl1].

Remark 3.6.5. In fancy terms, the generic fiber of Esyy, is the ring spectrum Epggr.
While we cannot compute the special fiber of Egyy, its exceptional special fiber is the
ring spectrum which is “the image of absolute rigid cohomology in rigid cohomology”,
and Egyy, is obtained by gluing these two ring spectra.

Proof. By definition of IVE¢, there is a canonical distinguished triangle in DMy (k):
~ Vo apn aao ~
E(p — E¢ — Erig,K — E¢[1],
which induces the following triangle after applying iy:
LV, a . 0a .
ixEBy — ixEy — ixErig k — ixEg[1].

Now, according to the fact that the square (3.5.3.a) is a homotopy pullback, one gets a
canonical commutative diagram in DMp(R):

C(a) — Egyn —> jiEpar — C(@)[1]

R Js I~

v 0 .~
iEp —>= isEy —> iy Evig k —> ixEg[1].
In other words, we get a distinguished triangle of the form
- o . sp . ~
I*E¢, g Esyn — J*]EFdR — I*E¢[1].

Finally, according to the above remark, one gets a canonical isomorphism of triangles:

i ; sp .
ix By Esyn ——> jxEpar —— ixEg[1]

AP

. i 0 ..
l*l!]Esyn — IEsyn ﬁ'/]>x<]>k(IESyn) - l*l!Esyn[l]-
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Remark 3.6.6 (The work of Tamme). The relative cohomology theory H (X, %) of [34] is
represented by the (generalized) cone of the diagram

ixErig x < a — b < ¢ — d < j;EpqR,

where we use the notation of the proof of Proposition 3.5.2. This is roughly a cone of a
morphism of ring spectra A — B; hence it is not a ring spectrum and in particular there
is no unit section.

It follows by the localization sequence that this cohomology theory is represented by
the cone of the canonical adjunction map Egyn — i*i!ESyn =iEy.

Example 3.6.7. Let S = Spec (W(k)) (for simplicity), and let X be the connected
component of the Néron model of an elliptic curve with multiplicative reduction, i.e.,
X is an S-group scheme such that its generic fiber is an elliptic curve and the special
fiber is isomorphic to G,,. Then X/S§ is smooth, and we can easily compute the long exact
sequence for syntomic cohomology. For instance, we get

1,1
0 — HY,(Xs) > HY (X)) @ HY,(X,) > Hagn(X) —

(X;)® H}

b
— H.,(Xo)® F'H} (X,) —> H] g

rig i (X5) = Hin(X) —> F'H3p(X,) = 0,

where a(x) = (x — ¢ (x)/p, —x) is injective and b(x, y) = (0, y — x). It follows that Hs”}}ll1 =
K? (as Qp-vector spaces) for n = 1,2.

The same result can be obtained using the localization triangle. Explicitly, we get the
following exact sequence:

)

0 — Hyy (X) — Hyl (X) - F' Hip (X)) = HEL (X) — H (X) — F'Hgp (X)) — 0.
Here, Hsls’,ll]’s(X) stands for Hom(Q(X), i*i!ESyn(l)[l]). Using Proposition 3.6.4, we get
H:};III,S(X) = Hﬁ;(Xs) for n = 1,2. We also get that § is the zero map. For a complete
account on the de Rham/rigid cohomology of abelian varieties and their reduction, we
refer to [30].

Example 3.6.8 (Semistable elliptic curve). Let X/S be an elliptic curve such that Xy is a
nodal cubic. We assume that the singular point xog € X is k-rational. The above remark
give a recipe to compute (or approximate) the syntomic cohomology of X,

E2,(X) = Homp, | (s5,0,) (M (X), Esyn (1)),

where M(X) = fif'(Qs) and f:X — S is the structural morphism. Let us compute
i*(M(X)). Given the pullback square

X, ——> X
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one has a canonical exchange map:

i* A Qs) = fol* f1(@Qs) — forfoi*(Qs) = forfo(Qi) = M(Xy)

(the first iso is due to the base change theorem of the six functors formalism). This map

is an isomorphism in the two following cases:

e f is smooth,

e X is regular and f is quasi-projective (and so in our case).
In the second case, this is due to the absolute purity theorem: as f is quasi-projective,
it can be factored f = pi where p : P — S is smooth and i is a closed immersion, and
then one computes:

F(Qs) =i'p'@s) = i'(Qp)(d)[2d] = Qx(d — n)[2(d —n)]

the first iso follows as p is smooth and the second one because i is a closed immersion
between regular schemes. Here, d (respectively, n) is the relative dimension of P/S
(respectively, codimension of i), so d —n is the relative dimension of X/S.

Hence, for X semistable, we have long exact sequences

PERL (X0 — ERL (X0 — i ERL(X) = FHgp(X,) — +.
The term i !Eg}’fn(X x) depends only on the special fiber. In this case it is easy to construct
a proper and smooth hypercover Y, of Xj. Let = : }N(k — X} be the normalization
map. Then we may take Y =x0u§k7 Y1 =7 '(x9) and ¥; = & for i > 1. Since ?k is
isomorphic to the projective line, we get that M(Xy) = Q@ Q[1] ® Q(1)[2] in DMy (k, Q).
This decomposition allows us to estimate i !Eg}’,in(Xk). For instance, we can compute

i'BL (Xp) = H;;gl(xk),( ~K forn=1,2.

3.7. Syntomic regulator

3.7.1. By using the general definition of § 2.1.3, we get the syntomic (respectively, rigid,
de Rham, etc.) cycle classes. Since all the maps of the homotopy pullback square (3.5.3.a)
are morphisms of monoids in DMp (R), we get the following commutative diagram:

[o 2%

HE (X, m) F"Hjigp (Xk)
syn
\
B HZ™(X)  ® sp
U¢i* \
(a) Grigi*
Hy (Xi, m) H o (Xi/K)

where o9 stands for the higher cycle classes relevant to the corresponding cohomology, and
*

i* (respectively, j*) denotes the pullback in motivic cohomology by i (respectively, j).
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(1) Part (a) of the above commutative diagram simply express the fact that, for any
smooth k-scheme Xg, the higher cycle class map

orig : Hy" (X0) — Hyj, (X/Ko)

lands into the part ¢ = p™ of rigid cohomology and that it admits a canonical
lifting to the absolute rigid cohomology H (Z “"(X) through the canonical surjection

Hy™(X) — Hp (X/Ko)?=""

of Corollary 3.4.4.

(2) One can deduce from the commutativity of part (b) of the above diagram another
proof of the fact, already obtained in [13], that the specialization map sp is
compatible with the specialization map spcy in Chow theory as defined in [19,
§ 20.3]. Indeed, when n = 2m, part (b) can be rewritten as follows:

. X AR R (X k)
|

. / |

CH™(X) | spe sp

i\*; \

CH" (Xx)

Ori
“— HJJ, (Xi/K)

and the assertion follows as j* is surjective and spcy is the unique morphism making
the left-hand side commutative.

(3) (Concerning the terminology) The term “higher cycle classes” comes from the

theory of higher Chow groups, which, for smooth R-schemes, coincide rationally
with Beilinson motivic cohomology according to [29, 14.7].
The term “syntomic regulator” was introduced by Gros in [22]. It comes from the
intuition that syntomic cohomology is an analogue of Deligne cohomology and that
one can transport the setting of Beilinson’s conjectures from Deligne cohomology
to syntomic cohomology. One should be careful however that, in the case of Deligne
cohomology, and if (2m —n) = 1, then the higher cycle class map is only a part of
the regulator (see [33, § 3.3]).

Remark 3.7.2. The syntomic Chern classes are constructed as in § 2.1.4. These are
determined by the first Chern class ¢; of the canonical line bundle of JP’}Q. According
to our construction of the syntomic ring spectrum, this is nothing else than the class
dlog. One deduces that the Chern classes obtained here in syntomic cohomology coincide
with the one previously constructed by Besser in [6].

Proposition 3.7.3. Let f : Y — X be a projective morphism between smooth R-schemes,
and denote by fi (respectively, fx) its special (respectively, generic) fiber. Then the
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following diagram is commutative:

. ax+Py . : ay—b .
i (Y, i) —— e (Y, 1) @ FYHJ (Vi) — > HI} (Vi K) ——= HE (v, )

f*l/ lfk*‘i’fl(* lfk* lf*

—2d ; —2d : j— —2d —2d —2d+1 ;
Hign (X, i = d) = Hy™ (X i = d) @ F' O HR™ (X k) = Hi\ ™ (X /K) = Hign T (X i = d)

where the lines are given by the exact sequences (3.5.3.¢).

Proof. Applying the same formalism to the motivic ring spectra Epgr, Erig x, Eg,
one obtains Gysin morphisms on their cohomology, satisfying the preceding properties.
Moreover, using the distinguished triangle (3.5.3.b) of DMy (R), one gets the result. [

3.7.4. Recall that in § 2.2.1 we have associated four theories (cohomology, homology,
coho. with compact support, BM homology) to any motivic ring spectrum.

(1) We get syntomic theories and the higher cycle class (2.1.3.a) also for singular
R-schemes.?®
When focusing attention on Chow theory, one gets, in particular, the following.

e X regular: ogyy : CH"(X) — HSZ}Z’H(X, n).

e X regular quasi-projective: ogyn : CHy(X) — HZSZH’BM (X, n).
The second point follows from the fact that Hg’i(X) ~ H;Pﬂl\gff (X), where d is

the (Krull) dimension of X according to the motivic absolute purity theorem [12,
14.4.1].

(2) When the base scheme is S = Speck, we get rigid (respectively, absolute rigid)
theories associated with Esyn g (respectively, Eg) and regulators for these theories.
When K = Ky, the Frobenius operator ® of E;, induces an action of Frobenius
on all four theories, compatible with the regulator. Moreover, the distinguished
triangle (3.4.6.a) yields long exact sequences in all four theories.

(3) When S = Spec K, we get the de Rham theory (respectively, filtered de Rham)
associated with Eqr (respectively, Epqr) equipped with regulators. The canonical
map Epgr — Eqr induces natural maps of these theories, compatible with
regulators.

Consider the specialization map

sp : jxEpar — ixErig k-

Given any R-scheme X with structural morphism f, and applying f. f' to this map,
one obtains

sp. 1 Hy M i) — Hy B P ),

using the exchange isomorphisms f'i, =i/ f; and f'j. = j.fi. Similarly, if we

apply fxf' to the distinguished triangle (3.5.3.b), one gets the following long exact

25Recall that, for singular schemes, Beilinson motivic cohomology is defined after [12] and [9] as the
graded part of homotopy invariant K-theory for the y-filtration.
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sequence:
o HYBM(x gy 2B g0 BM oy, @ BYIRBM (x gy
Ax—SPx Hrll'igaK’BM(Xk’ l) — ... (374&)

3.7.5. All the theories considered in the previous paragraph satisfy the functorialities
described in § 2.2.2. Moreover, regulators are compatible with these functorialities.
Similarly, the maps sp,, o, Bx, @x, and b, considered in part (3) of this example are
natural with respect to proper covariant and smooth contravariant functorialities.
Moreover, taking care of the functoriality explained in the previous remark for motivic
BM-homology, one can check that the following diagram is commutative:

B OFdR
HB.(Xk/K) —F~

%
HP.(X/R) SD.

i\l .
rig, K,BM

B Orig .
Hn,,'(Xk/k) —H, (Xk, 1).

FdR,BM .
Hy (Xk.1)

When X/R is quasi-projective regular with good reduction and i = 2n, one obtains in
particular a generalization of the second part of Remark 3.7.1 (applying the motivic
absolute purity theorem [12, 14.4.1], all the motivic BM-homology in the above diagram
can be identified with Chow groups in that case).

This fact can be extended to the exact sequence (3.7.4.a) and to its compatibility with
the regulator in syntomic BM-homology.

3.8. Rigid syntomic modules

3.8.1. The aim of this last section is to apply the theory developed in [12, § 7.2] to the
syntomic ring spectrum Egyp.

Put S = Spec R. Recall that, by construction, Esyy can be seen as an object of
Sp""e(S, Q) (Paragraph 1.4.6).

Let f: X — S be any morphism of schemes. The pullback functor f* on the category
of Tate spectra is monoidal. Thus, it obviously induces a functor:

£ Sp™E(S, Q) — Sp™E(X, Q).
In particular, we can define the rigid syntomic ring spectrum over X as follows:
IEsyn,X = f*(]Esyn)-
The collection of these ring spectra defines a cartesian section of the fibered category
Sp™™&(—, Q) over the category of R-schemes. In particular, one can apply [12, Proposition

7.2.11] to it. In particular, the category of modules over Egyy, x in Sp(X, Q) admits a model
structure.

Definition 3.8.2. Consider the above notation.
We define the category Esyn-mod, of rigid syntomic modules over X as the homotopy
category of the model category of modules over the ring spectrum Egyp, x.
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3.8.3. According to [12], Propositions 7.2.13 and 7.2.18, rigid syntomic modules inherit
the good functoriality properties of the stable homotopy category (in the terminology
of [12, Definition 2.4.45], the category Esyn-mod, fibered over the category of R-schemes,
is motivic). Let us recall briefly the six functors formalisms. Given a morphism f : T — S
of R-schemes, one has two pairs of adjoint functors:

f* : Esyn-modg < Egyn-mod, : f,
fi i Egyn-mod, = Egyp-mody : fi, for f separated of finite type,

and Esyn-mod, is triangulated closed monoidal. We denote by ® (respectively, Hom) the
tensor product (respectively, internal Hom).

e fi = fi for f proper.

e Relative purity: f' = f*(d)[2d] for f smooth of constant relative dimension d.

e Base change formulas: f*g = g/ f™*, for f any morphism (respectively, g any separated
morphism of finite type), f’ (respectively, g’) the base change of f along g (respectively,
g along f).

e Projection formulas: f'(M ® f*(N)) = filM)® N.

e Localization property: given any closed immersion i:Z — § of R-schemes, with

complementary open immersion j, there exists a distinguished triangle of natural
transformations as follows:

0 ..
Jijt = 1= it = i,

where the first (respectively, second) map denotes the counit (respectively, unit) of the
relevant adjunction (as in Paragraph 3.6.1).

Remark 3.8.4. An important set of properties is missing in the theory of rigid syntomic
modules.

One will say that a syntomic module over X is constructible if and only if it is compact
in the triangulated category Esyn-mod,. The category of constructible modules should
enjoy the following properties.

(1) They are stable by the six operations (when restricted to excellent R-schemes).
(2) They satisfy Grothendieck duality (existence of a dualizing module).

To get these properties, one has only to prove the absolute purity for syntomic modules.
Given any closed immersion i : Z — X of regular R-schemes, of pure codimension c, there
exists an isomorphism:

i'(1x) = 1z(c)[2el.

3.8.5. Syntomic triangulated realization. Applying again [12], Proposition 7.2.13, one gets
for any R-scheme X an adjunction of triangulated categories,
LY" : DMp(X) S Egyn-mod,, : 07",

such that the following hold.
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(1) OF" is conservative.

(2) For any Beilinson motive M over X, one has an isomorphism
ONRLYH (M) ~ M ® Egyn

functorial in M.
(3) The functor LS)'(yn commutes with the operations f*, fi, ®.

Let us denote by 1x the unit object of Esyn-mody. According to point (2), one obtains
a canonical isomorphism,

Homg,,,,-mod, (Ix. 1x ()[n]) =~ EZ, (X),

which is functorial in X and compatible with products.

Remark 3.8.6. In the preceding section, we derived Bloch—Ogus axioms, for syntomic
cohomology and syntomic BM-homology, from the functoriality of DMp. In fact, as
in [8, Example 2.1], one can also obtain these axioms from the properties of syntomic
modules stated above.

3.8.7. Descent properties. According to [12, § 3.1], the 2-functor X + Egyn-mod, can be
extended to diagrams of R-schemes (as well as the syntomic triangulated realization).
Moreover, the pair of functors (f*, fx) can be defined when f is a morphism of diagrams
of R-schemes.

From [12, 7.2.18], the motivic category Esyn-mod is separated. Therefore, according
to [12, 3.3.37], it satisfies h-descent (see Paragraph 2.2.11 for the h-topology): for any
h-hypercover p : X — X of R-schemes, the functor

p* i Esyn-mod, — Egyn-mod

is fully faithful.
Recall also the following more concrete version of descent. Given any pseudo-Galois
cover’® f 1Y — X of group G, any syntomic module M over X, the canonical morphism

M — (fuof*(M))°

is an isomorphism, where we have denoted by ?° the fixed point for the obvious action
of G.
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26f is finite surjective and admits a factorization f = pf’, where f’ is a Galois cover of group G and p
is radicial.
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