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1. Introduction

Let K be a number field, and G its absolute Galois group. For X a K-scheme, let
H}(X) = H., (X%, Q) be the f-adic cohomology of X. If X is projective and smooth
over K, the Tate conjecture for divisors predicts that the £-adic cycle class map

cre : Pie(X) ® Q¢ — HF(X)(1)9* = Homq, (¢ (Qe, Hi (X)(1))
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is surjective. This conjecture is known for abelian varieties thanks to Faltings [17], and
is equivalent to the fact that

Hom(A, B) ® Q, = HOIHQ@[GK](VZ(A)v Vi(B))

for abelian varieties A, B over K, where V;(—) denotes the rational Tate module. The
Tate conjecture is also known for K3 surfaces by reduction to the case of abelian varieties
via the Kuga—Satake construction [23, Theorem 5.6(a)] (see also [1], [8]).

Recently Andreatta—Barbieri-Viale-Bertapelle [3] have defined the filtered Ogus real-
isation for 1-motives over K

TFOg : MLQ — FOg(K)

where FOg(K) is the filtered Ogus category over K (see §2 for the definition) and
M, @ is the category of 1-motives up to isogeny (also called l-isomotives). Moreover
they proved that Trog is fully faithful. In particular for abelian varieties we have

HOIH(A, B) RQ = HomFog(K) (TFOg(A), TFog(B)) .

The aim of this paper is to define a cohomology theory for K-varieties with values in
FOg(K) compatible with Trog. More precisely let DM,,,, (K) be Voevodsky’s category
of geometric motives over K. Then we prove the following.

Theorem 1.1. There exists a (homological) realisation functor
Rrog : DM,,,,(K) — D*(FOg(K))
compatible with Trog.

We use the approach of Déglise-Niziol [14, Proposition 4.10] to obtain the realisation.
This in turn is based upon Nori’s construction [18] of an abelian category of mixed
motives. For a precise statement of the compatibility with Trog see §5.

As an illustration we can obtain a FOg version of the Tate conjecture for K3 surfaces
over a number field. In fact the compatibility of de Rham and crystalline cycle class
maps [9, Corollary 3.7] gives rise to a homomorphism

c1,F0g : Pic(X) ® Q — Hompog () (K, Hrog(X)(1))

and by using the full-faithfulness of [3] in place of Faltings’ theorem, we can similarly
use the Kuga—Satake construction to show that the latter is surjective (hence an isomor-
phism) when X is a K3 surface over K.
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1.1. Notations and conventions

Throughout this article, K will denote a number field. A place of K will always mean
a finite place (we will never need to consider real or complex places). For every such
place v of K, let K, denote the completion, O, the ring of integers, k, the residue field,
Dy its characteristic, and g, = p;* its order. For all v which are unramified over Q, let
o, denote the lift to K, of the absolute Frobenius of k,,. Following [18], a variety over a
field will be a reduced scheme, separated and quasi-projective over k; Varg will denote
the category of varieties over K, Smg the category of smooth varieties, and Sm%f the
category of smooth affine varieties.

2. The (filtered) Ogus category

We introduce the (filtered) Ogus category, following [3]. Let P be a cofinite set of
absolutely unramified places of K. We define Cp to be the category whose objects are
systems M = (Mgr, (M, ¢y, €,)vep) such that:

(1) Myr is a finite dimensional K-vector space;

(2) (My,¢y) is a F-K,-isocrystal, that is, M, is equipped with a o,-linear automor-
phism ¢

(3) € = (&y)vep is a system of K,-linear isomorphisms

€y i Mgr ® K, — M, .
A morphism f: M — M’ is then a collection (f4r, (fu)vep) Where:
(1) far : Mar — M}y is a K-linear map;
(2) fo : M, — M) is K,-linear morphism compatible with Frobenius and such that
eqjlofvoﬁj :de®Kv-
Note that by the second criterion, to specify a morphism it is enough to specify f4r.
There are obvious ‘forgetful’ functors Cp — Cp, whenever P’ C P and we can form the

Ogus category Og(K) as the 2-colimit

Og(K) =2 co})ime
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where P varies over all cofinite sets of unramified places of K. For an object M € Og(K)
and n € Z we denote by M (n) the Tate twist of M, that is where each Frobenius ¢, is
multiplied by p,".

Definition 2.1. A weight filtration on an object M = (Mar, (M, ¢y, €y)vep) € Cp is an
increasing filtration Wy M by subobjects in Cp such that for all v € P the graded pieces
Gryv M, are pure of weight i. That is, all eigenvalues of the linear map ¢]'v are Weil
numbers of ¢,-weight i (i.e. all their conjugates have absolute value qf/ 2 [10]). Again,
to give a weight filtration on M it suffices to give a filtration on Myg which induces a
weight filtration on all M,,.

We can therefore consider the filtered Ogus category FOg(K) whose objects are ob-
jects of Og(K) equipped with a weight filtration, and morphisms are required to be
compatible with this filtration.

Lemma 2.2 (/3], Lemma 1.3.2). The filtered Ogus category FOg(K) is a Q-linear abelian
category, and the forgetful functor

FOg(K) — Og(K)
1s fully faithful.
2.1. The basic construction

Let X be a smooth variety over K. By Nagata plus Hironaka we can find a normal
crossings compactification X C X, with D := X \ X. Then we can consider the following
cohomology groups

(1) (de Rham) There is an isomorphism
H(ziR(X/K) = Hliog-dR((Y7 D)/K) = H(ziR(Y’ QY/K<D>)a

where Qx (D) is the complex of algebraic differential forms on X with logarithmic
poles along D. This is a finite dimensional K-vector space endowed with an increasing
(weight) filtration W,, and a decreasing (Hodge) filtration F'® [19, p. 25].

(2) (Rigid) There is a sufficiently divisible integer n such that the pair (X, D) has a
model (X, D) over Spec(Ox[1/n]) such that X'/Og[1/n] is proper and smooth, and
D C X a divisor with relative normal crossings.’
For any place v of K not dividing n, we can consider the rigid cohomology

Hi (X, /K,) of the reduction modulo v of X, i.e. A, := X ® k,. Assuming that

! In fact we can even suppose that the discriminant of K divides n.
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v is not ramified in K, we can endow Hjj,

(X, /K,) is an F-isocrystal of mixed inte-

(X, /K,) with a semilinear Frobenius
endomorphism ¢,. It turns out that Hﬁig
gral weights: all the eigenvalues of the linearised Frobenius ¢;v are Weil numbers of
integral weight (relative to k,) [10].
(3) (Comparison) In the above setting the Berthelot (co-)specialisation map
Hap (X/K) @k Ky — Hjiy (X, /Ky)
is an isomorphism and it is functorial. By a result of Chiarellotto and Le Stum [11]
we may identify (under the aforementioned isomorphism)
g Hig (X/K) @ Ko = Hjiy (X, /K,
where the latter is the sum of the all the generalised eigenspaces for ¢}v associated
to eigenvalues which are Weil numbers of ¢,-weight s.

3. Realisation a la Nori

A very general method for constructing realisations was given by Nori, and this was
used to construct the derived syntomic realisation for varieties over p-adic fields in [14].
For us, the basic point will be to construct appropriate FOg-valued relative cohomology
groups of a closed immersion Y — X of K-varieties; an appeal to Nori’s basic lemma
then allows the construction of FOg-valued cohomology complexes which give rise to
the required derived realisations. In order to construct the FOg-structure on the relative
cohomology HY(X,Y) we can follow [22, Part II, §5.5] and use descent to deduce the
existence of a Frobenius compatible with the de Rham weight filtration.

3.1. Nori category

The basic reference here is the exposition in [18, Ch. II] of Nori’s original construction.
Let K be a field of characteristic 0, and of cardinality < card(C). We say that a system
(X,Y,n) is a good pair if:

e X is a K-variety;

e Y C X is a closed sub-variety;

o for one (equivalently: for any) embedding K < C the relative cohomology groups
Hp(X(C),Y(C),Q)

vanish for i # n.

Nori then considers a directed graph A‘;ﬂ whose vertices are exactly the set of good pairs
over K, and which has the following two kinds of edges:
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(1) (functoriality) f* : (X', Y',n) — (X,Y,n) for any commutative square

fily

where (X,Y,n), (X', Y’ n) are good pairs.
(2) (coboundary) 9: (Y, Z,n—1) - (X, Y,n)if ZCY C X.

By definition, A, is the directed graph obtained after localising AZE with respect to
(G, {1},1). The relative cohomology groups give a representation

H*: Ay — Modg (vesp. H* : Agff — Modg)

and the category of (cohomological) Nori motives CNM (resp. effective Nori motives
CNM}’?) is the universal abelian category through which H* factors.

3.2. The representability theorem of Déglise—Niziol

Here we briefly sketch a general method of Déglise and Niziol for constructing re-
alisations, for more details the reader should consult [14, §4]. Let &/ be a Tannakian
K-linear category with a fibre functor w : & — Vecc to the category of C-vector
spaces. If there is representation A : Ay — &/ (i.e. a covariant functor) such that
w(A(X,Y,n)) 2 H*(X(C),Y(C),C), then there exists a motivic realisation (monoidal,
covariant) functor

R:DM,,,(K) — D’()

such that H="(RM(X,Y)) = A(X,Y,n)V for any good pair (X,Y,n) (see [14, Proposi-
tion 4.10]).” Here we denote by M (X,Y) the relative (homological) motive of the pair
(X,Y), characterised by the existence of an exact triangle

M(Y) = M(X) - M(X,Y)

in DM,,,(K).

Remark 3.1. We note that the proof only uses affine schemes. So it is enough to work
with affine good pairs. In fact, thanks to Beilinson [7], any affine variety X has a cellular
stratification

2 Mind that there is a misprint in [14] relative to the cohomological degree of LHS. They write n instead
of —n.



354 B. Chiarellotto et al. / Journal of Algebra 527 (2019) 348-365

FX: 9=F 1 XC---CFX=X

such that: (F; X, F;_1X,1) is a good pair; the complement F; X\ F;_; X is smooth over K;
either F; X (resp. F;_1X) is of dimension ¢ (resp. i — 1), or F; X = F;_1 X is of dimension
< 1. Moreover, the set of cellular stratifications of a given X form a filtered system,
functorial in X. Thus for any affine scheme X we can define the complex

R/(X) = co}im(A(FoX, O) — A(FlX, Fb)(7 1) — A(FlX, Fi_lX, Z) o )

which gives a functor R’ : (Smé}é{) — C®(Ind-«), which is enough to construct R.
4. Construction of FOg-valued cohomology

In this section we will perform the key step in constructing the filtered Ogus realisa-
tion, by showing that relative de Rham cohomology groups Hiy (X, Y/K) of K-varieties
can be canonically enriched to the filtered Ogus category (Theorem 4.5). For smooth
varieties, this follows from work of Chiarellotto and Le Stum [11], and in general we use
cohomological descent just as Peters and Steenbrink do in the mixed Hodge case in [22,
Part II, §5.5].

4.1. Cohomology of varieties with values in FOg

First, we will consider the case of a single variety X/K, and use cohomological descent
to enrich the de Rham cohomology groups of X to the filtered Ogus category.

Definition 4.1.

(1) A SNCD pair over K will be a pair (X, D) consisting of a smooth and proper
K-variety together with a simple normal crossings divisor D C X. A morphism
(Y,E) — (X, D) of SNCD pairs is a morphism of varieties f : ¥ — X such that
f~YD) C E, and the category of these objects will be denoted SNC.

(2) An SNCD resolution of a K-variety X will be a simplicial SNCD pair (X, Ds) €
SNC%OP, together with an augmentation 7, : Xo := X, \ D¢ = X which makes X,
a proper hypercover of X.

(3) For a SNCD pair (X, D) we denote

Hijoy_qr (X, D)/K) := H'(X,Qx (D))
its logarithmic de Rham cohomology groups. Similarly for a simplicial SNCD pair.

Let (Y.Sn, D5™) be an n-truncated SNCD pair over K. Then there exists a finite set
of absolutely unramified primes S C |K| such that this n-truncated SNCD pair extends
to an ‘n-truncated SNCD pair’
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—<n

(X", D)
—<
over the ring Ok g of S-integers. In other words, X:n — Spec (Ok.s) is a smooth
—<
and proper n-truncated simplicial scheme, and D" C X .‘n is a relative simple normal
—<

crossings divisor. We write XS = X._n \D.Sn For any v ¢ S we therefore obtain by [5,
Corollary 2.6] an isomorphism

4 ~<n n 4
Hlog—dR((Xo 7D0S )/K) K KU _Hrlg( /K )
via which we can put a semilinear Frobenius endomorphism ¢, on
; —<n
leog-dR((Xo_ 7D.S")/K) QK K’U'

Since any two choices of model become isomorphic after possibly increasing S, we there-
fore obtain well-defined cohomology groups

Hyo(X2", DE™) € Og(K)

which are functorial in (Y?n, D3™).

To show that these groups actually lie in the full sub-category FOg(K) C Og(K),
we need to produce a weight filtration. We consider the increasing weight filtration
Weldg<n (D$™) on the logarithmic de Rham complex of (Y?n, Ds™), that is the filtration
comlng from the number of log poles.

For each fixed m < n, we let J,,, denote the set of irreducible components of D,,; for
any I C J,, we write D, ; for the intersection of all elements of I, and |I| for the size
of I. We let ar : Dy, 1 — X,,, denote the natural closed immersion. Thus for any fixed
m we have by [15, (3.1.5.2)] that

gry Qx, (D) = @ arQp,, ;[—pl.
ICTm,|I|=p

We therefore obtain a spectral sequence

i =< n
BV = @ @ HE(Djn/K)= HH R (X", D5™)/K) (%)
i+j=p |Ij|=—i

inducing a filtration W, on Hﬁ)quR((Y?n, Ds™)/K).

Proposition 4.2. Let (7?”, D.S") be an n-truncated simplicial SNCD pair over K. Then
the filtration W, constructed above is a weight filtration, and exhibits Hé)g(Y,Sn,D.Sn)
as an object of the full subcategory FOg(K) C Og(K).
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Proof. Let (?Sn Ds") be a spreading out of (an D5") over some O, g as above, and

set X" = X "\ D5". Then using ezactly the same method as in [11] we can construct
a similar spectral sequence

21 <
BV = @ @ Hf;: jI ke /Kv) = Hﬁgq( ._,/?v/Kv) (%%, )
i+j=p|I;|=—1

abutting to the rigid cohomology of X}, «. Moreover, it again follows ezactly as in [11] that
these two spectral sequences become isomorphic after tensoring (*) with K. Now, the
spectral sequence (xj, ) is not compatible with Frobenius, however, it is so after making
suitable Tate twists (essentially coming from the Gysin isomorphism). We therefore
obtain a Frobenius compatible spectral sequence

BV = @ @ Hﬁfl jIJ,k /Ky )():>H£—gkq( k,,/K)
itj=p |I;|=—i

and we now observe that each E}'? term is pure of weight ¢. Thus the induced filtration
on

< ~<n n
Hﬁgq(X._,/?v/K) HﬁquR((X. 7D.S )/K)®Kv

is indeed a weight filtration for the action of Frobenius, as required. 0O

To get the analogous result arbitrary K-varieties we appeal to Nagata compactification
and Hironaka’s embedded resolution of singularities, which together imply that every
K-variety X admits an SNCD resolution. Moreover, by [16, (5.3.5) II] we know that if

(X.7D0)5 Te - X. — X
is such an SNCD resolution, and i < n — 1 then there are isomorphisms
i ~ rri n ~orri = n
Hip(X/K) — HdR(XoS /K) + Hlog—dR((Xo , D5 )/ K).

By Proposition 4.2 we have a canonical enrichment of Hlog dR((X " Ds™/K) to
FOg(K), which we can transport to Hig(X/K) via this isomorphism. To check that
this structure doesn’t depend on the choice of SNCD resolution, we argue along com-
pletely standard lines. That is, any two SNCD resolutions can be dominated by a third,
and the pull-back maps induce isomorphisms on cohomology (for more details see [16,
§8.2]). We have therefore proved the following.

Corollary 4.3. There is a canonical enrichment of the functor

Hin(—/K) : Varf? — Vecy
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to a functor

Hpog(—) : Var — FOg(K)
taking values in the filtered Ogus category.
4.2. Cohomology of pairs with values in FOg

Next we will deal with the relative cohomology of pairs. Suppose therefore that we
are given a morphism

—<n

(V" B - (XJ", D)

of n-truncated simplicial SNCD pairs over K. As before we can spread out to obtain

(VT ESm) = (XS, DEM)

—<n

—<
over some ring of integers Ok g, set X" = X, \ D" and V=" = Y,

\ E£™. For

v ¢ S, the resulting comparison theorem

; —<n —<n
Hi, r (X", D5, (Y. ES™)/K) ® K, = H};

rig

<n <n
(X._k ) o_,kv/K)

endows the LHS with a Frobenius structure, and thus gives rise to Og(K)-valued coho-
mology groups H, 6g((7§n, D.,), (7,S " E,)). As for de Rham, the relative rigid cohomol-
ogy is defined via mapping cone. To obtain a filtration we use [22, Part I, Theorem 3.22]
on the mapping cone of

QY.@(D?@ — 5”97§n<E§">
and We obtain a filtration W, on the cohomology groups

; —<n —<n
Hfog—dR((Xo_ ,D.),(Y. 7E§7L)/K)'
Proposition 4.4. Let f&" - (7<n ES™) — (Y§H7D.§") be a morphism of n-truncated
simplicial SNCD pmrs over K. Then the filtration W, constructed above on

Hi,, _dR((Y.Sn,D.S ), (Y " Es™)/K) is indeed a weight filtration, and thus the coho-

mology groups Hég((X: , D), (7<n ES™/K) lie in FOg(K) C Og(K).

Proof. We have a long exact sequence

7 7 <n ny (PN n 7 ~<n n
'—>H10g-dR((Xo aDoS )a(Yo ’E.S )/K)%Hlog—dR((X D< )/K)

— Hiy ar(Va" ES™)/K) =



358 B. Chiarellotto et al. / Journal of Algebra 527 (2019) 348-365

which is the de Rham part of a long exact sequence in Og(K). Moreover the groups
Hi, an (X", DE™)/K) and Hi, 4 (Vs ES")/K) underlie objects in FOg(K). By
mixed Hodge theory the above long exact sequence is strictly eract with respect to the
filtrations W,. If we therefore let ker’ denote the kernel of

i ~<n n i <n n
Hlog—dR((Xo 7Do§ )/K) _>Hlog—dR((Yo 7Eo§ )/K)
and coker’ ™! the cokernel of

i— ~<n n i— —<n n
Hig"qr (X, D3/ K) = Hig an (Y ES™)/K),

T<n <n

then the filtrations on Hj,, 4 (X", D5™)/K) and Hi' o (V2" ES™)/K) induce
weight filtrations on ker® and coker'™! respectively, exhibiting them as objects of
FOg(K). Thus for almost all unramified places v of K, and for all integers k, we have
an short exact sequence

0 = Wicoker'™ ' — Wy Hj, n (X3, DE™), (Vs ", Es™)/K) — Wi ker' — 0

of K,-vector spaces. In particular, all Frobenius eigenvalues on the kth piece
. —<n —<n
WiHL, ap (X", D3M), (Y, ES™)/K) ® K, are Weil numbers of weight < k, and

thus W, is indeed a weight filtration on Hy _dR((Y.Sn, Ds™), (7?”, ES™)/K). O

Now if we are given a morphism f : Y — X of K-varieties, then we can always
extend f to a morphism of SNCD resolutions (Y, Fe) — (X, Ds). Now arguing along
essentially the same lines as in Proposition 4.3 we can show that the isomorphism

HdR(X’Y/K):Hlog—dR((XQ ’D.S )’(Y. ’E.S )/K)

for i < n— 1 allows us to view the former canonically as an object in FOg(K). If we let
Mor i denote the category of pairs of varieties over K, with morphisms just commutative
diagrams, we therefore get the following result.

Theorem 4.5. There is a canonical lifting
Hipog(—, —) : Morg — FOg(K)
of algebraic de Rham cohomology
Hn(—,—) : Morg — Vecg
such that for any triple

Z—Y > X
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the long exact sequence in relative de Rham cohomology induces a long exact sequence
. Hpog(X,Y) = Hpoo(X,Z) = Hioe(Y, Z) — ...
in FOg(K). In particular there is a realisation Hgog : CNM T - FOg(K).

Thus following the general method of [14, §4] outlined above we can construct a
(covariant) realisation functor

Rrog : DM, (K) — D°(FOg(K))
such that H™"(RrogM (X)) = Hpgg(X)" for all K-varieties X.
5. Compatibility with the realisation for 1-motives

In this section we want to compare the Ogus realisation of 1-motives [3] with that for
Nori motives. We follow [4, §6.2], but we will use a cohomological convention.

Let S be a Noetherian scheme and 7 : X — S a projective smooth scheme whose
geometric fibres are connected curves of the same genus. The only cases we will use are
S = Spec(R) for R = K, K,,O,, k,. Then the fppf sheaf Rlﬂ'*Gmy is represented by
a group scheme Picg /s and the subfunctor Pic% /s of line bundles of degree zero on
each fibre of 7 is projective abelian scheme over S [20, Remark 5.26]. For any closed
subscheme i : Y C X, we have a surjective map

Gm,f — iy Gm7Y7

and we define the fppf sheaf G,, %, to be the kernel. If Y is étale over .S, then
R'7.i.G,, y vanishes, and there is a short exact sequence of fppf sheaves

. 1 1
0— W*Z*Gm,Y/']T*Gm7Y — R W*Gm,Y:Y — R T*Gm7y —0.

Thus leGmyzy is represented by an S-group scheme Picy,y/ ¢ which is an extension
of Picg g by the S-torus m.i. Gy y /m.G,, 5 (cf. [6, §2.1]). We let Pic%:y/s denote the
pullback of this extension to Picoy /87 this is therefore a semi-abelian scheme over S.

Now let Z C X be another closed subscheme, étale over S and such that Y N Z = &.
We define Divz(X,Y) as the fppf sheaf associated to

T/S — H%T (7T7 Gm,Y:Y)'

By construction there is a natural map u : Divz(X,Y) — Picg.y /S and we can consider
its pullback

u’ : Divy(X,Y) — Pic%:y/s



360 B. Chiarellotto et al. / Journal of Algebra 527 (2019) 348-365

to Pic%/s. This object is a 1-motive over S, and we denote it by Pic* (X,Y) (or Pic™ (X)
when Y = @) where X := X \ Z. This is the version over S of the motive defined in [6,
Def. 2.2.1].

Let AST C Azﬂ be the full sub-diagram whose vertices are (X,Y,1) for X a smooth
affine curve over K, Y a closed subset consisting of finitely many closed points of X. We
denote by CNl\/I'iH the Nori category universal® for the standard representation

H' : AST — Modg
(X,Y,1) = H'(X(C),Y(C),Q).

Moreover we can define the following representation
Pict : AfT - My (X,Y,1) = Pic"(X,Y) = [Divy(X,Y) = Pick,y /]

where X is the smooth compactification of X and Z = X \ X is the boundary divisor.
By universality this functor factors through CNMST and it is show in [4, Theorem 5.6]
that this induces equivalence of categories

CNMST = M, g
Proposition 5.1. There is a functorial isomorphism
Trog (Pic™ (X,Y)) = Hpog(X,Y)(1).

In particular the filtered Ogus realisation is compatible with that on one motives, in the
sense that the diagram

TFOg

Mo FOg(K)

| |

DM, ,(K) ——2%—~ DV(FOg(K))

commutes up to natural isomorphism.

Proof. In [4, Proposition 8.3] the authors show the (homological) compatibility be-
tween the embedding of 1-motives in DMZf,fn and that in (the homological version of)
D(CNM). The cohomological version is just a reformulation; the second claim therefore
follows from the first.

Let Tyr denote the de Rham realisation on M;. To prove the first, we note that [6,
Lemma 2.6.2] provides isomorphisms

3 This is the cohomological version of the category EHM} of [4].
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Tar(Pict(X,Y)) — HY(X,Ox(=Y) = QLY + 2)(-Y)) — Hir(X,Y/K)

of K-vector spaces. Indeed, the de Rham cohomology of X is computed by the complex
Ox — Q%(Z) and that of Y by Oy. Thus the relative cohomology is computed by the
complex Ox(=Y) = Q%(Z) and it is enough to note that Q%(Z) = Q3 (Y + Z)(=Y) to
conclude.

Now let v be an unramified place of good reduction for the triple (X, X,Y); in other
words not only does X have good reduction X — Spec (O,), but the complementary
divisors Y and Z = X \ X extend to disjoint closed subschemes ), Z C X which are
étale over O,,. We therefore have a 1-motive

Pict(X,))

over O, exhibiting the good reduction of Pict(X,Y), and by [2, Corollary 4.2.1] we
obtain an isomorphism

TdR (PiC+(X, Y)) QK Kq; i) Tcris (PiCJr(Xa y)k,l,)

of K,-vector spaces, where T,s is the crystalline realisation of M over k,. Now, we
have an isomorphism of vector spaces

Hig(Xx,, Y,/ Kv) = Hiy (X, Vi, / Ko)
which concretely is induced by the map
[IOX?& — Qﬁ(;&] — [I]TOX?(nv —)]TQ}(;&]

of complexes over X3, where I is the ideal of Y2" (it easy to check that I jto Xz —

jTQk?& computes the relative rigid cohomology HL, (Xy,, Y%, /K,)). This induces an

rig
isomorphism

Teris (Pic™ (X, V)k,) = Hyig (Xn,, Vi, /K)

of K,-vector spaces, and to conclude we need to show that this induces a Frobenius
invariant isomorphism

Toris (Pic+(X7y)kv) - Hrlig(kavykv/Kv)(l)'

The key observation now is that in fact we can argue by dévissage on weights. Indeed,
we have commutative diagrams



362 B. Chiarellotto et al. / Journal of Algebra 527 (2019) 348-365

0 —— Toyis (ker ¢) —— Topis (Pic™ (X, V)i,) —— Texis (PicT (X))

%Wy ) (1)
ni(?fiv)(l) Hy (X, Vo, /[ Ko) (1) —— Hjy (X, /Ky)(1) ——= 0

U)HO

o

and

0 — Tois (PicT (X)) —= Tenis (Pic™ (X)k,) — Tewis (Divg(X)i,) —= 0

lu lu lu

0 — Hyy (X, /K,) (1) —— Hg (X, /K)(1) —— Hi (2, /Ky) — 0

with all rows exact. Since the pieces

~ HY(Vr,/Ky)(1)

Teris (kerc) — rlg(ka JK,)(1)

Teris (Pic™ (X)y,) —» HYy(Xk, /K,)(1)
Turis (DVE(X)i,) — HS, (21, /Ky)

are pure of weights —2,—1 and 0 respectively, we can use the fact that the weight
filtration on an F-isocrystal over K, is canonically split to show that it suffices to
verify the Frobenius compatibility on these pure graded pieces. The only non trivial
Frobenius shows up in weight —1 where the comparison is proved by Andreatta and
Barbieri-Viale [2, Theorem B’] since HY, (X, /K,) = H i (Xk, /O,)[1/p]. O

rig cris

6. The FOg avatar of the Tate conjecture

Let K be a number field and X be a smooth and projective variety over K. Fix a
finite set of unramified places S such that X extends to a smooth and proper scheme
X — Og,s. We may consider the de Rham cycle class map

c1dr : Pie(X) = Hig(X/K)
and, for any place v ¢ S, the crystalline cycle class map
€1 eris © Pic(X) — Pic(Xk,) == Pic(Xo,) — Pic(Ay,) — HZ. (X, /O)[1/7],

which by [9, Corollary 3.7] are compatible via the comparison isomorphism*

4 The compatibility of the crystalline and de Rham cycle class has been generalised to the rigid setting
in [12,13].
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Hip (X/K) @ Ky = Heio(X, /Ou)[1/p].

Since the image of ¢1 cris is contained within the subspace of HZ (X, /K,) on which
Frobenius ¢, acts via multiplication by p,, we obtain an induced cycle class map

c1Fog : Pic(X) = Hompog(x) (L, Hiog(X)(1)) =: T (X),

where 1 := (K, (K,, 0y)) is the unit object of FOg(K). Following the argument outlined
in [23, (5.6)], we can show that whenever X is a K3 surface, an ‘Ogus’ version of the
Tate conjecture holds for X, describing the rational Picard group Pic(X) ® Q.

Theorem 6.1. Let X/K be a K3 surface Then the cycle class map
c170g : Pic(X) ® Q — THX)
is surjective, and therefore an isomorphism.

Proof. To save notation, we will write [£] = ¢1 rog(£) € Hpog(X)(1) for any line bundle
on X. First of all, we can show that it is enough to prove the above theorem up to finite
base change. Indeed, if we let F//K be a finite extension and « € T(X) then, assuming
the result holds for X g, we can write a = . \;[£;], for some £; € Pic(Xp) and \; € Q.
Now we can apply the norm to obtain

o= ﬁ Z Ai[Np/r(Ls)]

as required.

Now, fix an ample line bundle £ on X, and let Piog(X)(1) C Hpog(X)(1) denote
the subspace of primitive classes, that is the orthogonal complement to K - [£] under the
perfect pairing

Hiog(X)(1) @ Higog(X)(1) — 1.

Then we have a direct sum decomposition Hgo, (X)(1) = Pigg(X)(1) @ 1 in FOg(K),
which implies that 7" (X) = (Pgog(X)(1)NTH(X)) ® (1N T'(X)). Since INTH(X) =
Q - [£] we only need to prove the statement for a € Pgo,(X)(1) N T (X).

Let

Jrog : Piog(X)(1) = Endpog(Hrog(A))

be the inclusion induced by the Kuga—Satake construction [21, Theorem 7.3] - since
it suffices to prove the claim after a finite extension we can assume that everything
is defined over K. By full faithfulness of the FOg-realisation on abelian varieties |3,
Theorem 3.14] we have jrog(a) = >, Xi[filrog, for f; € End(A4) and \; € Q.
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Now embed K into C and consider the analogous picture in Betti cohomology (sub-
script B stands for Betti cohomology)

jB : P(X(C),Q(1)) = Endg(Hp(A(C),Q))

which admits a retraction ¢p as the target is a polarised pure Hodge structure and
the category of polarised pure Hodge structure is semi-simple [22, Corollary 2.12]. Thus
gB([fi]B) is a Hodge class since [f;] 5 is so. It follows by the Lefschetz (1, 1)-theorem that
there exists a line bundle £; € Pic(X¢) such that [£;]p = ¢qp([fi]s). After replacing
K by a finite extension, we can assume that all the £; are defined over K. By the
compatibility of the Betti and de Rham cycle class maps we get the equality

a = qarjar(@) = Y Nigarlfilar = Y NilLilar

inside P%;(Xc)(1), hence we find o = >, A;[£;]ar inside P33 (X)(1), and the proof is
complete. 0O
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